The measure problem in eternal inflation by De Simone, Andrea, Ph. D. Massachusetts Institute of Technology
The Measure Problem in Eternal Inflation
by
Andrea De Simone
Submitted to the Department of Physics
in partial fulfillment of the requirements for the degree of
Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2010
@ Massachusetts Institute of Technology 2010. All rights reserved.
11 1. t( \ -
MASSACHUSETTS INSTITUTE
OF TECHN'*OLOGY
N)V 8 210
LIBPARIES
ARCHNES
A uthor .......................
Department of Physics
May 4, 2010
Certified by..........
Alan H. Guth
Victor F. Weisskopf Professor of Physics
Thesis Supervisor
/
Accepted by ............... ............
Krishn'aaja opal
Professor of Physics
Associate Department Head for Education
The Measure Problem in Eternal Inflation
by
Andrea De Simone
Submitted to the Department of Physics
on May 4, 2010, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
Abstract
Inflation is a paradigm for the physics of the early universe, and it has received a great
deal of experimental support. Essentially all inflationary models lead to a regime
called eternal inflation, a situation where inflation never ends globally, but it only
ends locally. If the model is correct, the resulting picture is that of an infinite number
of "bubbles", each of them containing an infinite universe, and we would be living deep
inside one of these bubbles. This is the multiverse. Extracting meaningful predictions
on what physics we should expect to observe within our bubble encounters severe
ambiguities, like ratios of infinities. It is therefore necessary to adopt a prescription
to regulate the diverging spacetime volume of the multiverse. The problem of defining
such a prescription is the measure problem, which is a major challenge of theoretical
cosmology.
In this thesis, I shall describe the measure problem and propose a promising
candidate solution: the scale-factor cutoff measure. I shall study this measure in
detail and show that it is free of the pathologies many other measures suffer from.
In particular, I shall discuss in some detail the "Boltzmann brain" problem in this
measure and show that it can be avoided, provided that some plausible requirements
about the landscape of vacua are satisfied.
Two interesting applications of the scale-factor cutoff measure are investigated:
the probability distributions for the cosmological constant and for the curvature pa-
rameter. The former turns out to be such that the observed value of the cosmological
constant is quite plausible. As for the curvature parameter, its distribution using the
scale-factor measure predicts some chance to detect a nonzero curvature in the future.
Thesis Supervisor: Alan H. Guth
Title: Victor F. Weisskopf Professor of Physics
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Chapter 1
Introduction
This Chapter is devoted to introduce the problem which is the subject of the present
thesis. After briefly recalling some basic material of standard cosmology (see e.g.
Ref. [1] for a comprehensive account), we shall introduce inflation and review its
successes in Section 1.1, and then we shall turn to discuss a generic feature of infla-
tionary models known as "eternal inflation" (Section 1.2). Finally, in Section 1.3 we
shall describe how the rest of the thesis is organized.
1.1 Inflation
Inflation [2, 3, 4] is one of the basic ideas of modern cosmology and has become a
paradigm for the physics of the early universe. In addition to solving the shortcomings
of the standard Big Bang theory, inflation has received a great deal of experimental
support, for example it provided successful predictions for observables like the mass
density of the Universe and the fluctuations of the cosmic microwave background ra-
diation. Before discussing inflation in more detail, let us first review some background
material about standard cosmology, which serves also to introduce the notation, and
outline its major shortcomings.
1.1.1 Standard cosmology and its shortcomings
The standard cosmology is based upon the spatially homogeneuos and isotropic Uni-
verse described by the Friedmann-Robertson-Walker (FRW) metric:
ds 2 = dt2 - a(t)2  2 (d02 + sin 2 2d(2)
where a(t) is the cosmic scale factor and the curvature signature is k = -1, 0, 1
for spaces of constant negative, zero, positive spatial curvature, respectively. The
evolution of the scale factor is governed by the Einstein equations, where the energy-
momentum tensor is assumed to be that of a perfect fluid with total energy density
Ptot and pressure p. One of the Einstein equations takes the simple form (known as
the Friedmann equation):
2 2 8,rG k
H _ Ptot 2 , (1.2)
a 3 a
where H is the Hubble parameter and G is the Newton's constant. Another of the
Einstein equations provides the equation for the acceleration of the scale factor:
& 4irG
a = 3-- (p + 3p). (1.3)
a 3
Let us define the parameter
Q Ptot (1.4)
Pc
where Pc = 3H 2 /(87rG) is the critical density. The situation where Q = 1 corresponds
to a spatially flat Universe. In fact, using the Friedmann equation (1.2) the above
definition can be re-written as
k
2 - 1  (1.5)
a2 H2
The parameter IQ - 11 grows with time during radiation- and matter-dominated eras,
and since we observe today that the density is very close to the critical density [5]
Qo = 1.0195t0.0325, Q must have been equal to unity to an extremely high accuracy
(of about one part in 1060 if we start the radiation-dominated era at the Planck time,
10-43 s). Therefore, an extreme degree of fine tuning is necessary to arrange such a
precise initial value of the density parameter of the Universe. This is the flatness (or
fine-tuning) problem.
The flatness problem is also connected to the entropy problem, which is under-
standing why the total entropy of the visible Universe is incredibly large: Su ~ 1090.
In fact, the entropy in a comoving volume of radius a and temperature T is S ~ (aT)3
whereas during radiation domination the Hubble parameter is H ~ T 2/Mp, where
the Planck mass is M = G- 1/2 = 1.22 x 1019 GeV. So, Eq. (1.5) becomes
M2 kS - T f . (1.6)
This relation tells us that Q at early times is so close to 1 because the total entropy
of the universe is enormous. For example, at the Planck scale, the entropy of 1090
corresponds to Q - 1 - 10-60.
The high degree of homogeneity of the Cosmic Microwave Background (CMB), one
part in 105 , is amazing. But this poses a serious problem for cosmology. The photons
received today are emitted from regions that were causally disconnected in the past on
the last scattering surface, because they were out of the particle horizon. Our present
horizon corresponds to an angle of 1' on the last scattering surface, while we observe
isotropic and uniform CMB temperature across the whole sky. Understanding why
different microphysical processes occurring in causally disconnected regions turn out
to give the same physical properties to such a great precision is the horizon problem.
1.1.2 The inflationary Universe
Inflation elegantly solves at once the problems associated with the standard Big Bang
cosmology. The inflationary era is defined as the epoch in the early history of the
Universe when it underwent a period of accelerated expansion, a > 0. According to
Eq. (1.3), this condition is equivalent to p + 3p < 0. For the sake of simplicity, we
shall only consider here a more stringent condition for inflation, p = -p. A period of
the Universe satisfying this condition is called the de Sitter stage. During this stage
the energy density and the Hubble parameter are constant, and thus the scale factor
grows exponentially in time.
Inflation provides an explanation for the initial condition that Q is close to 1 to a
high precision. In fact, during inflation, the Hubble rate is nearly constant and the
curvature parameter Q - 1 is proportional to 1/02 (see Eq. (1.5)), thus its final value
at the end of inflation is related to the primordial initial value by
IQ - 1final 
__ afinal 
__ 2Ne
IQ - I initial ainiti ) '(
where Ne is the number of e-foldings. As long as the inflatioary period is long enough,
Q will be exponentially driven to unity. Therefore, the Universe coming out of infla-
tion is spatially flat to a very high accuracy. To match the observations, it is necessary
to have Ne ~ 60 and this is sufficient to dilute away almost any value the curvature
parameter may start with. Furthermore, the large amount of entropy produced dur-
ing the non-adiabatic phase transition from the end of inflation and the beginning of
the radiation-dominated era also accounts for the origin of the huge entropy of the
Universe. Therefore, inflation reduces the problem of explaining very large numbers
like 1090 to explaining about 60 e-foldings of inflation.
If the Universe underwent a period when the physical scales evolve faster than
the horizon scale, it is possible to make the CMB photons in causal contact at some
primordial time before the last-scattering surface. The physical size of a perturbation
grows as the scale factor: A - a, while the horizon scale is H 1 = a/&. If a period
exists in the early history of the Universe when
d Ad- = > 0, (1.8)
the CMB photons may have been in causal contact at that time, thus explaining the
homogeneity and isotropy observed today. Such an epoch of accelerated expansion is
precisely what we call the inflationary stage.
Inflation can also be responsible for the physical processes giving rise to the struc-
tures we observe in the Universe today. In fact, primordial small quantum fluctuations
of the energy density get stretched during inflation, exit the horizon and get frozen;
when they re-enter the horizon at some matter- or radiation-dominated epoch, these
fluctuations will start growing giving rise to the formation of all the structures we
observe.
The mechanism of inflation can be realized by means of a simple scalar field #,
called the inflaton, whose energy is dominant in the Universe and with a kinetic
energy much smaller than the potential energy V(#). The energy density and the
pressure of the scalar field are given by
p4 - + V(#)W, (1.9)2
PO= 2- V(#). (1.10)
If the kinetic energy is negligible with respect to the potential energy #2 V(),
and if the energy density of the inflaton dominates over other forms of energy density
(such as matter or radiation) we would have a de Sitter stage po = -pe and the
Friedmann equation would read
2 87rGH2  3 V(q)
3
Thus, inflation gets driven by the vacuum energy of the inflaton field.
When #2 < V(#) and # < 3H#, the scalar field "slowly rolls" down its potential.
Therefore, the equation of motion of the field
#+ 3H + V'(#) = 0, (1.12)
where the prime refers to the derivative with respect to #, reduces in this "slow-roll"
regime to
3H# ~ -V'(#). (1.13)
1.2 Eternal Inflation and the Measure Problem
It has turned out that essentially all inflationary models lead to a regime called eternal
inflation; it is a situation where inflation never ends globally, but it only ends locally.
The inflating region grows exponentially without limit, while pieces of it break off to
form "bubble" (or "pocket") universes ad infinitum.
Essentially two distinct mechanisms make eternal inflation possible: false-vacuum
eternal inflation (for the so-called "small field" inflationary models) and slow-roll
eternal inflation (for the so-called "large field", or chaotic, inflationary models).
Consider a potential of the form depicted in Figure 1-1. The plateau of the
potential at # = 0 corresponds to a false vacuum and the scalar field will decay
to the true vacuum # = #o at a lower potential. This process can be described as
the nucleation of a bubble of true vacuum, where the field value is # = #0, in an
environment of false vacuum where # = 0; such a bubble will then expand at the
speed of light and will eventually fill out the whole space [6]. Adding inflation to this
picture leads to dramatic consequences: besides decaying into regions of true vacuum,
V(#)
Figure 1-1: Schematic form of a potential giving rise to false-vacuum eternal inflation.
the false vacuum region also expands exponentially. At a given time t, the physical
inflating volume of the false vacuum expands by a factor e3H(t-to) with respect to the
volume V(to) present at time to, but there is also a nonzero probability to decay into
true vacuum:
infl(t)= V(to) e 3H(t-to)eV4(t,to) (1.14)
where A is the decay rate per unit 4-volume and V4(t, to) is the 4-volume of the past
light-cone of a point at time t.
In the limit where the reference time is very early in the past, to < H- 1, one has
V4 (t, to)~(47r/3)(t - to)/H 3 and we can write Eq. (1.14) as
Ma~)~V(to) e(3H-42 '(t-to) ,(.5
and it is apparent that, as long as the decay rate is sufficiently small (A < (9/47r)H 4),
the volume continues to increase exponentially with time. In other words, bubbles of
true vacuum do not grow fast enough to catch up with the exponential expansion of
the false vacuum, which never disappears and thus inflation never ends.
Now consider the case of slow-roll eternal inflation, with a potential energy func-
tion of the form shown in Figure 1-2. Consider a region of one Hubble volume (H-3 ).
In a time interval of one Hubble time, At = H- 1, a reference length scale expands
by a factor of eHAt = e. So, a volume will expand by a factor of e3 ~ 20. The field
correlators in a de Sitter background are such that
(#2 (t + At)) - (42 (t)) = At. (1.16)47r2
This means that regions separated by more than about a Hubble length are not cor-
related. Thus the initial volume breaks up into 20 independent causally disconnected
regions. During such a time interval, in any of the independent regions the change in
Figure 1-2: Schematic form of a potential giving rise to slow-roll eternal inflation.
the field is given by the sum of a classical motion and a quantum fluctuation:
A# = Ac 1 + Aqqu . (1.17)
Now, the classical term is simply A0c1 = j#ciH- 1. While the quantum fluctuation in
a de Sitter background is Aqu ~ H/27r. There is always a probability that A# > 0,
i.e. that the field climbs up the potential, as suggested pictorially in Figure 1-2. If
this probabiliy is bigger than approximately 1/20, the number of inflating regions
with # > #o is greater at to + At than it was at to, and inflation never ends. For
gaussian fluctuations, this condition is equivalent to have Aqu > 0.61|AOciI, or
H > 0.61|qciH' 
. (1.18)
27r
The Friedmann equation during inflation (1.11) and the equation of motion in the
slow-roll regime (1.13) imply that #ci~ -V'/(3H) ~ H'/(47r) . Thus, the condition
(1.18) for eternal inflation reads:
H 2
H'> 0.3 . (1.19)
If the model is correct, the resulting picture is that of an infinite number of bub-
bles, each of them containing an infinite universe, and we would be living deep inside
one of these pockets. This is the "multiverse". Extracting meaningful predictions
on what physics we should expect to observe within our pocket encounters severe
ambiguities, like ratios of infinities. It is therefore necessary to adopt a prescription
to regulate the diverging spacetime volume of the multiverse. The problem of defin-
ing such a prescription is the so-called measure problem which is a major challenge
of theoretical cosmology. Solving this problem means defining a consistent way to
regularize the infinities of the multiverse, making possible to compare quantities and
obtain probabilistic predictions.
1.3 Structure of the thesis
In Chapter 2, we shall describe the measure problem, some proposals for measures
of the multiverse and propose a promising candidate solution: the scale-factor cutoff
measure. We shall discuss this measure in detail, both in its local formulation and in
its possible nonlocal modications which capture the same physics at large scales, but
which would in some way average over the local effects of galaxies. We show that the
scale-factor cutoff measure is free of the pathologies mentioned above. In particular,
we discuss in some detail the Boltzmann brain problem in this measure and show that
it can be avoided, provided that some plausible requirements about the landscape of
vacua are satisfied.
We shall then turn to two interesting applications of the scale-factor cutoff mea-
sure: the probability distributions for the cosmological constant A (Chapter 3) and
for the curvature parameter Qk (Chapter 4). The cosmological constant is an ex-
ample of an important cosmological variable that is determined probabilistically in
a multiverse picture. Its probability distribution in the scale-factor cutoff measure
turns out to be such that the observed value of A is quite plausible. As for the curva-
ture parameter, its distribution using the scale-factor measure predicts non-negligible
chances to detect Qk > 10-4 in the future. Then, in Chapter 5, we shall turn to
the theoretical question of the Boltzmann brains in the scale-factor cutoff measure.
Finally, Chapter 6 contains the concluding remarks.
Three appendices supply complementary material to the discussions of the main
text. In Appendix A the issue of independence of the initial state is discussed. Ap-
pendix B is devoted to a careful analysis of the collapse density threshold and contains
review material as well as some new results. In Appendix C, we analyze the nucleation
of Boltzmann Brains in Schwarzschild-de Sitter space.
The material presented in this thesis is based on three papers, each of which
presents the joint work of my collaborators and myself. The implications of the scale-
factor cutoff measure for the cosmological constant were discussed in Ref. [32], with
Alan Guth, Michael Salem and Alexander Vilenkin; the implications for Boltzmann
brains were discussed in Ref. [34], with Alan Guth, Andrei Linde, Mahdiyar Noorbala,
Michael Salem and Alexander Vilenkin; and the implications for Qk were discussed
in Ref. [51] with Michael Salem.
Chapter 2
The Scale-factor Cutoff Measure
In this Chapter, we describe some of the measures proposed in the literature. We
then turn to introduce and define our candidate solution of the measure problem, the
scale-factor cutoff measure, which is the subject of this thesis, and analyze some of
its consequences. In particular, we show that the scale-factor cutoff measure is not
afflicted with some of the serious problems arising in other approaches.
2.1 Some proposed measures
The measure problem has been addressed in several different ways so far [7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. Different approaches in general
make different observational predictions, and some of these apparently conflict with
observation. For example, approaches that define probabilities with respect to a global
proper-time foliation [7, 8, 9, 18, 10] suffer a "youngness paradox," predicting that
we should have evolved at a very early cosmic time, when the conditions for life were
very hostile [25, 26]. Volume-weighting measures, like the so-called "gauge invariant"
or "stationary" measures [11, 19, 23] and the pocket-based measures [12, 13, 14, 15],
have a "runaway inflation" problem (also known as "Q catastrophe"). These measures
predict that we should observe severely large or small values of the primordial density
contrast [27, 28] and the gravitational constant [29], while these parameters appear to
sit comfortably near the middle of their respective anthropic ranges [30, 29]. (Some
suggestions to possibly get around this issue have been described in Refs. [28, 31].)
The causal patch measure [16, 17] and the scale-factor cutoff measure [32, 33]
survive these hazards. Furthermore, under reasonable assumptions about the land-
scape [16, 34], these measures do not suffer a "Boltzmann brain" paradox [35, 36, 37,
38, 39, 40, 41], a situation in which the spacetime volume is overwhelmingly domi-
nated by empty de Sitter space, in which observers who form randomly from thermal
fluctuations vastly outnumber observers who evolve normally through evolutionary
processes beginning with a big bang. There is also encouraging evidence that these
measures coincide with probability measures stemming from independent theoretical
considerations [22, 24]. Thus we consider these measures to be promising proposals
to regulate the diverging spacetime volume of the multiverse.
Of the several measure proposed in the literature, we are going to spend a few more
words only about the three most studied examples, which are also representatives of
the different classes of measures.
Proper Time Cutoff Measure. Perhaps the simplest way to regulate the infinities
of eternal inflation is to impose a cutoff on a hypersurface of constant global time [7,
8, 9, 10, 11]. To introduce a global time cutoff, we start with a patch of a spacelike
hypersurface E somewhere in the inflating part of spacetime, and follow its evolution
along the congruence of geodesics orthogonal to E. The spacetime region covered
by this congruence will typically have infinite spacetime volume, and will include an
infinite number of pockets (if the patch does not grow without limit, one chooses
another initial patch E and starts again). In the global-time cutoff approach we
introduce a time coordinate t, and restrict our attention to the finite spacetime region
F(E, tc) swept out by the geodesics prior to t = tc, where t, is a cutoff which is taken
to infinity at the end of the calculation. The relative probability of any two types of
events A and B is then defined to be
p(A) lmn (A, IF(E, tc))(21
p(B) tc-oo n(B, F(E, tc)) '
where n(A, F) and n(B, F) are the number of events of types A and B respectively in
the spacetime region F. In particular, the probability P of measuring parameter val-
ues corresponding to a pocket of type j is proportional to the number of independent
measurements made in that type of pocket, within the spacetime region F(E, tc), in
the limit tc ->+ oo.
The time coordinate t is "global" in the sense that constant-time surfaces cross
many different pockets. Note however that it does not have to be global for the
entire spacetime, so the initial surface E does not have to be a Cauchy surface for
the multiverse. It need not be monotonic, either, where for nonmonotonic t we limit
F(E, tc) to points along the geodesics prior to the first occurrence of t = tc.
As we shall discuss in more detail in appendix A, probability distributions obtained
from this kind of measure are independent of the choice of the hypersurface E. 1 They
do depend, however, on how one defines the time parameter t. To understand this
sensitivity to the choice of cutoff, note that the eternally inflating universe is rapidly
expanding, such that at any time most of the volume is in pockets that have just
formed. These pockets are therefore very near the cutoff surface at t = te, which
explains why distributions depend on exactly how that surface is drawn.
The proper time cutoff measure corresponds to the choice t = r, where T is the
proper time along the congruence of geodesics. As we shall discuss in the Section
2.2.3, this measure suffers from a severe "youngness problem", a situation in which
'Here, and in most of the paper, we assume an irreducible landscape, where any metastable
inflating vacuum is accessible from any other such vacuum through a sequence of transitions. Alter-
natively, if the landscape splits into several disconnected sectors, each sector will be characterized
by an independent probability distribution and our discussion will still be applicable to any of these
sectors. The distribution in case of a reducible landscape is discussed in appendix A.
the spacetime volume is overwhelmingly dominated by pocket universes that have just
formed. Observers who take a little less time to evolve are hugely more numerous
than their slower-evolving counterparts, suggesting that we should most likely have
evolved at a very early cosmic time, when the conditions for life were rather hostile.
Pocket-based Measure. The novelty of this approach [14, 15] is to compare the
numbers of different types of bubbles instead of comparing the volumes occupied by
different vacua. The probability of observing vacuum of type j is then proportional
to the abundance pj of bubbles of type j, which is given by the ratio
Ny (> e
p, = lim ( (2.2)E-No N(> )
where N(> e) is the total number of bubbles with comoving size bigger than E and
Nj(> e) is the number of j-bubbles with comoving size bigger than e. The comoving
size of a bubble is defined by projecting back each bubble onto an initial hypersurface
Eo, through a congruence of geodesics, and then measuring the volume of the "image"
on Eo. This measure is plagued by the "Q catastrophe", in which the pocket universes
typically have a level of inhomogeneity that is either huge or negligibly small. This
issue will be studied in Sect. 2.2.4.
Causal Patch Measure. Motivated by holography and the quantum properties
of black holes, the attention is shifted from the global to the local point of view,
i.e. to what a single observer can see within her horizon (the "causal patch") [16].
The prescription is that of following an ensemble of probe worldlines as they pass
through the multiverse of vacua, and counting only the volume which is in causal
contact with the points of these worldlines. In this approach most of the landscape
volume is excluded from consideration. As already mentioned, this measure, together
with the scale-factor cutoff measure does not suffer from the pathologies, like the
youngness problem or the Q catastrophe. On the other hand, unlike the scale-factor
cutoff measure we shall introduce in the next section, the causal patch measure is
highly sensitive to the initial conditions, i.e. which vacuum the probe worldline starts
from.
2.2 The Scale-factor cutoff measure
2.2.1 Definitions
The scale-factor cutoff measure belongs to the class of global time cutoff measures
intruduced in the previous section. The choice of the time coordinate, the scale-factor
time, is defined by
t = ln a , (2.3)
where a is the expansion factor along the geodesics. The scale-factor time is related
to the proper time T by
dt = H dr, (2.4)
where H is the Hubble expansion rate of the congruence. The term "scale factor" is
often used in the context of homogeneous and isotropic geometries; yet on very large
and on very small scales the multiverse may be very inhomogeneous. A simple way
to deal with this is to take the factor H in Eq. (2.4) to be the local divergence of the
four-velocity vector field along the congruence of geodesics orthogonal to E,
1
H(x) = Iu 1 . (2.5)
When more than one geodesic passes through a point, the scale-factor time at that
point may be taken to be the smallest value among the set of geodesics. In collapsing
regions H(x) is negative, in which case the corresponding geodesics are continued
unless or until they hit a singularity.
This "local" definition of scale-factor time has a simple geometric meaning. The
congruence of geodesics can be thought of as representing a "dust" of test particles
scattered uniformly on the initial hypersurface E. As one moves along the geodesics,
the density of the dust in the orthogonal plane decreases. The expansion factor a in
Eq. (2.3) can then defined as a oc p- 1/3 , where p is the density of the dust, and the
cutoff is triggered when p drops below some specified level.
Although the local scale-factor time closely follows the FRW scale factor in ex-
panding spacetimes - such as inflating regions and thermalized regions not long after
reheating - it differs dramatically from the FRW scale factor as small-scale inhomo-
geneities develop during matter domination in universes like ours. In particular, the
local scale-factor time nearly grinds to a halt in regions that have decoupled from the
Hubble flow. It is not clear whether we should impose this particular cutoff, which
would essentially include the entire lifetime of any nonlinear structure that forms
before the cutoff, or impose a cutoff on some nonlocal time variable that more closely
tracks the FRW scale factor.
There are a number of nonlocal modifications of scale factor time that both ap-
proximate our intuitive notion of FRW averaging and also extend into more compli-
cated geometries. One drawback of the nonlocal approach is that no single choice
looks more plausible than the others. For instance, one nonlocal method is to define
the factor H in Eq. (2.4) by spatial averaging of the quantity H(x) in Eq. (2.5). A
complete implementation of this approach, however, involves many seemingly arbi-
trary choices regarding how to define the hypersurfaces over which H(x) should be
averaged, so we here set this possibility aside. A second, simpler method is to use
the local scale-factor time defined above, but to generate a new cutoff hypersurface
by excluding the future lightcones of all points on the original cutoff hypersurface.
In regions with nonlinear inhomogeneities, the underdense regions will be the first
to reach the scale-factor cutoff, after which they quickly trigger the cutoff elsewhere.
The resulting cutoff hypersurface will not be a surface of constant FRW scale factor,
but the fluctuations of the FRW scale factor on this surface should be insignificant.
As a third and final example of a nonlocal modification of scale factor time, we
recall the description of the local scale-factor cutoff in terms the density p of a dust
of test particles. Instead of such a dust, consider a set of massless test particles,
emanating uniformly in all directions from each point on the initial hypersurface E.
We can then construct the conserved number density current JP for the gas of test
particles, and we can define p as the rest frame number density, i.e. the value of
J0 in the local Lorentz frame in which J' = 0, or equivalently p = VJ2. Defining
a oc p1/3, as we did for the dust of test particles, we apply the cutoff when the number
density p drops below some specified level. Since null geodesics are barely perturbed
by structure formation, the strong perturbations inherent in the local definition of
scale factor time are avoided. Nonetheless, we have not studied the properties of
this definition of scale factor time, and they may lead to complications. Large-scale
anisotropic flows in the gas of test particles can be generated as the particles stream
into expanding bubbles from outside. Since the null geodesics do not interact with
matter except gravitationally, these anisotropies will not be damped in the same way
as they would be for photons. The large-scale flow of the gas will not redshift in
the normal way, either; for example, if the test particles in some region of an FRW
universe have a nonzero mean velocity relative to the comoving frame, the expansion
of the universe will merely reduce the energies of all the test particles by the same
factor, but will not cause the mean velocity to decrease. Thus, the detailed predictions
for this definition of scale-factor cutoff measure remain a matter for future study.
The local scale-factor cutoff and each of the three nonlocal definitions correspond
to different global-time parameterizations and thus to different spacetime measures.
In general they make different predictions for physical observables; however with
regard to the quantities we shall be interested in (probability distributions for cosmo-
logical constant and curvature parameter, and relative number of normal observers
and Boltzmann brains) their predictions are essentially the same. For the remainder
of this thesis we refer to the generic nonlocal definition of scale factor time, for which
we take the FRW time as a suitable approximation.
2.2.2 General features of the multiverse
To facilitate later discussion, let us now describe some general properties of eternally
inflating spacetimes. The volume fraction fi occupied by vacuum i on constant scale-
factor time slices can be found from the rate equation [42],
df-
=ZMyf3 , (2.6)
where the transition matrix Mij is given by
Msgj = Kj - 6ij E ri ,(2.7)
T
and siz is the transition rate from vacuum j to vacuum i per Hubble volume per
Hubble time. This rate can also be written
Kij = (47r/3)H-41'i ,Z (2.8)
where Fij is the bubble nucleation rate per unit spacetime volume and Hj is the
Hubble expansion rate in vacuum j.
The solution of Eq. (2.6) can be written in terms of the eigenvectors and eigen-
values of the transition matrix Mij.
It is easily verified that each terminal vacuum is an eigenvector with eigenvalue
zero. We here define "terminal vacua" as those vacua j for which /ij = 0 for all
i. Thus the terminal vacua include both negative-energy vacua, which collapse in a
big crunch, and stable zero-energy vacua. It was shown in Ref. [14] that all of the
other eigenvalues of Mij have negative real parts. Moreover, the eigenvalue with the
smallest (by magnitude) real part is pure real; we call it the "dominant eigenvalue"
and denote it by -q (with q > 0). Assuming that the landscape is irreducible, the
dominant eigenvalue is nondegenerate. In that case the probabilities defined by the
scale-factor cutoff measure are independent of the initial state of the multiverse, since
they are determined by the dominant eigenvector. 2
For an irreducible landscape, the late-time asymptotic solution of Eq. (2.6) can
be written in the form'
fj(t) = f}) + sje-t ... , (2.9)
where the constant term f} is nonzero only in terminal vacua and s is proportional
to the eigenvector of Mij corresponding to the dominant eigenvalue -q, with the
constant of proportionality determined by the initial distribution of vacua on E. It
was shown in Ref. [14] that s < 0 for terminal vacua, and sj > 0 for nonterminal
vacua, as is needed for Eq. (2.9) to describe a nonnegative volume fraction, with a
nondecreasing fraction assigned to any terminal vacuum.
By inserting the asymptotic expansion (2.9) into the differential equation (2.6)
and extracting the leading asymptotic behavior for a nonterminal vacuum i, one can
2In this work we assume that the multiverse is irreducible; that is, any metastable inflating
vacuum is accessible from any other such vacuum via a sequence of tunneling transitions. Our results,
however, can still be applied when this condition fails. In that case the dominant eigenvalue can be
degenerate, in which case the asymptotic future is dominated by a linear combination of dominant
eigenvectors that is determined by the initial state. If transitions that increase the vacuum energy
density are included, then the landscape can be reducible only if it splits into several disconnected
sectors. That situation was discussed in Appendix A, where two alternative prescriptions were
described. The first prescription (preferred by the authors) leads to initial-state dependence only
if two or more sectors have the same dominant eigenvalue q, while the second prescription always
leads to initial-state dependence.
3 Myj is not necessarily diagonalizable, but Eq. (2.9) applies in any case. It is always possible to
form a complete basis from eigenvectors and generalized eigenvectors, where generalized eigenvectors
satisfy (M - AI)ks = 0, for k > 1. The generalized eigenvectors appear in the solution with a time
dependence given by eAt times a polynomial in t. These terms are associated with the nonleading
eigenvalues omitted from Eq. (2.9), and the polynomials in t will not change the fact that they are
nonleading.
show that
(Ki - q)si = ij s, (2.10)
where ,y is the total transition rate out of vacuum j,
j r Z I. (2.11)
The positivity of si for nonterminal vacua then implies rigorously that q is less than
the decay rate of the slowest-decaying vacuum in the landscape:
q < '5min min{y}. (2.12)
Since "upward" transitions (those that increase the energy density) are generally
suppressed, we can gain some intuition by first considering the case in which all up-
ward transition rates are set to zero. (Such a landscape is reducible, so the dominant
eigenvector can be degenerate.) In this case Mij is triangular, and the eigenvalues
are precisely the decay rates ni of the individual states. The dominant eigenvalue q
is then exactly equal to "min.
If upward transitions are included but assumed to have a very low rate, then the
dominant eigenvalue q is approximately equal to the decay rate of the slowest-decaying
vacuum [43],
q ' Kmin (2.13)
The slowest-decaying vacuum (assuming it is unique) is the one that dominates the
asymptotic late-time volume of the multiverse, so we call it the dominant vacuum
and denote it by D. Hence,
q r" D. (2.14)
The vacuum decay rate is typically exponentially suppressed, so for the slowest-
decaying vacuum we expect it to be extremely small,
q < 1. (2.15)
Note that the corrections to Eq. (2.14) are comparable to the upward transition rate
from D to higher-energy vacua, but for large energy differences this transition rate is
suppressed by the factor exp(-87r2/HD) [44]. Here and throughout the remainder of
this paper we use reduced Planck units, where 87G = c = kB = 1. We shall argue in
Section 5.3 that the dominant vacuum is likely to have a very low energy density, so
the correction to Eq. (2.14) is very small even compared to q.
A possible variant of this picture, with similar consequences, could arise if one
assumes that the landscape includes states with nearby energy densities for which
the upward transition rate is not strongly suppressed. In that case there could be
a group of vacuum states that undergo rapid transitions into each other, but very
slow transitions to states outside the group. The role of the dominant vacuum could
then be played by this group of states, and q would be approximately equal to some
appropriately averaged rate for the decay of these states to states outside the group.
Under these circumstances q could be much less than "mi. An example of such a
situation is described in Subsection 5.2.5.
In the asymptotic limit of late time t, the physical volume that thermalizes into
nonterminal vacua of type j between times t and t + dt has the form
dV~, = Cje'tdt, (2.16)
where Cj is a constant that depends on the type of pocket. (This was derived in
Ref. [45] for models with quantum diffusion and in Refs. [46] and [47] for models with
bubble nucleation.) The value of i in Eq. (2.16) is the same for all pockets, but it
depends on the choice of time variable t. With a proper-time slicing, it is given by
7 ~ 3Hm.a (t =T ), (2.17)
where Hmax is the expansion rate of the highest-energy vacuum in the landscape, and
corrections associated with decay rates and upward tunneling rates have been ignored.
In this case the overall expansion of the multiverse is driven by this fastest-expanding
vacuum, which then "trickles down" to all of the other vacua. With scale-factor
slicing, all regions would expand as a3 = e3t if it were not for the continuous loss of
volume to terminal vacua with negative or zero A. Because of this loss, the value of
7 is slightly smaller than 3, and the difference is determined mostly by the rate of
decay of the slowest-decaying (dominant) vacuum in the landscape [43],
y= 3 - q 3- KD (t=na). (2.18)
2.2.3 The youngness bias
As we have already mentioned, the proper-time cutoff measure leads to rather bizarre
predictions, collectively known as the youngness paradox [48, 49, 47]. With proper
time slicing, Eqs. (2.16) and (2.17) tell us that the growth of volume in regions of
all types is extremely fast, so at any time the thermalized volume is exponentially
dominated by regions that have just thermalized. With this super-fast expansion,
observers who take a little less time to evolve are rewarded by a huge volume factor.
This means most observers form closer to the cutoff, when there is much more volume
available. Assuming that Hm. is comparable to Planck scale, as one might expect in
the string theory landscape, then observers who evolved faster than us by Ar = 109
years would have an available thermalized volume which is larger than the volume
available to us by a factor of
eT Ar ~ e 3 Hmax Ar ~ exp(10 60 ). (2.19)
Unless the probability of life evolving so fast is suppressed by a factor greater than
exp(1060), then these rapidly evolving observers would outnumber us by a huge fac-
tor. Since these observers would measure the cosmic microwave background (CMB)
temperature to be T = 2.9 K, it would be hard to explain why we measure it to be
T = 2.73 K. Note that because HmaAT appears in the exponent, the situation is
qualitatively unchanged by considering much smaller values of Hm.ax or AT.
The situation with a scale-factor cutoff is very different. To illustrate methods
used throughout this paper, let us be more precise. Let At denote the interval in scale-
factor time between the time of thermalization, t,, and the time when some class of
observers measures the CMB temperature. A time cutoff excludes the counting of
observers who measure the CMB temperature at times later than tc, so the number of
counted observers is proportional to the volume that thermalizes at time t, < t, - At.
(For simplicity we focus on pockets that have the same low-energy physics as ours.)
The volume of regions thermalized per unit time is given by Eq. (2.16). During the
time interval At, some of this volume may decay by tunneling transitions to other
vacua. This effect is negligible, and we henceforth ignore it. For a given At, the
thermalized volume available for observers to evolve, as counted by the scale-factor
cutoff measure, is
V(At) cX _0 e7yt* dt, oc e- At . (2.20)
To compare with the results above, consider the relative amounts of volume avail-
able for the evolution of two different civilizations, which form at two different time
intervals since thermalization, Ati and At 2:
V(Ati) YAt2-At) 
- (a2/ai)' (2.21)
V(At 2)
where ai is the scale factor at time t, + Ati. Thus, taking -y 3, the relative volumes
available for observers who measure the CMB at the present value (T = 2.73 K),
compared to observers who measure it at the value of 109 years ago (T =2.9 K), is
given by
V(2.73 K) (2.73 K 3 0.8.
V(2.9 K) 2.9 K(.
Thus, the youngness bias is very mild in the scale-factor cutoff measure. Yet, as we
shall see, it can have interesting observational implications.
2.2.4 Expectations for the density contrast Q and the curva-
ture parameter Q
Pocket-based measures, as well as "gauge-invariant" measures, suffer from a "Q catas-
trophe" where one expects to measure extreme values of the primordial density con-
trast Q. To see this, note that these measures exponentially prefer parameter values
that generate a large number of e-folds of inflation. This by itself does not appear to
be a problem, but Q is related to parameters that determine the number of e-folds.
The result of this is a selection effect that exponentially prefers the observation of
either very large or very small values of Q, depending on the model of inflation and on
which inflationary parameters scan (i.e., which parameters vary significantly across
the landscape) [27, 28]. On the other hand, we observe Q to lie comfortably in the
middle of the anthropic range [30], indicating that no such strong selection effect is
at work.4 Note that a similar story applies to the magnitude of the gravitational
constant G [291.
With the scale-factor cutoff, on the other hand, this is not a problem. To see
this, consider a landscape in which the only parameter that scans is the number of
e-folds of inflation; all low-energy physics is exactly as in our universe. Consider
first the portions of the hypersurfaces Tq that begin slow-roll inflation at time tq in
the interval dtq. These regions begin with a physical volume proportional to e'Y tq dtq,
and those that do not decay grow by a factor of e3Ne before they thermalize at time
t, = tq + Ne. If ij is the transition rate out of the slow-roll inflationary phase (as
defined in Eq. (2.8)), then the fraction of volume that does not undergo decay is
e-INe
After thermalization at time t,, the evolution is the same in all thermalized regions.
Therefore we ignore this common evolution and consider the number of observers
measuring a given value of Ne to be proportional to the volume of thermalization
hypersurfaces that appear at times earlier than the cutoff at scale-factor time tc.
This cutoff requires t* = tq + Ne < tc. Summing over all times tq gives
tc--Ne
P(Ne) oc e(3 )Ne e dtq c e(3 )N (2.23)
Even though the dependence on Ne is exponential, the factor
r1_0 (2.24)
is exponentially suppressed. Thus we find P(Ne) is a very weak function of Ne, and
there is not a strong selection effect for a large number of e-folds of slow-roll inflation.
In fact, since the dominant vacuum D is by definition the slowest-decaying vacuum,
we have r > KD. Thus the scale-factor cutoff introduces a very weak selection for
smaller values of Ne.
Because of the very mild dependence on Ne, we do not expect the scale-factor
measure to impose significant cosmological selection on the scanning of any inflation-
ary parameters. Thus, there is no Q catastrophe - nor is there the related problem
for G - and the distribution of Q is essentially its distribution over the states in the
landscape, modulated by inflationary dynamics and any anthropic selection effects.
The distribution P(Ne) is also important for the expected value of the curvature
parameter Q. This is because the deviation of Q from unity decreases during an
inflationary era,
|Q - 1c e-2 Ne. (2.25)
Hence pocket-based and "gauge-invariant" measures, which exponentially favor large
values of Ne, predict a universe with Q extremely close to unity. The distributions
4Possible resolutions to this problem have been proposed in Refs. [27, 28, 31, 7].
of Q from a variety of models have been calculated using a pocket-based measure in
Refs. [121 and [461.
On the other hand, as we have just described, the scale-factor cutoff measure does
not significantly select for any value of Ne. There will still be some prior distribution
of Ne, related to the distributions of inflationary parameters over the states in the
landscape, but it is not necessary that Ne be driven strongly toward large values (in
fact, it has been argued that small values should be preferred in the string landscape,
see e.g. Ref. [50]). Thus, it appears that the scale-factor cutoff allows for the possibil-
ity of a detectable negative curvature. The probability distribution of Q in this type
of measure has been studied in Ref. [51] and it will be discussed in detail in Chapter
4.
2.3 Conclusions
In this Chapter, we have introduced and defined the scale-factor cutoff measure and
shown that it does not suffer from some of the problems afflicting other proposed
measures. The most severe of these is the "youngness paradox" - the prediction
of an extremely youth-dominated distribution of observers - which follows from the
proper-time cutoff measure. The scale-factor cutoff measure, on the other hand, pre-
dicts only a very mild youngness bias, which is consistent with observation. Another
problem, which arises in pocket-based and "gauge-invariant" measures, is the Q catas-
trophe, where one expects to measure the amplitude of the primordial density contrast
Q to have an unfavorably large or small value. This problem ultimately stems from
an exponential preference for a large number of e-folds of slow-roll inflation in these
measures. The scale-factor cutoff does not strongly select for more inflation, and thus
does not suffer from a Q catastrophe. An unattractive feature of causal patch and
comoving-volume measures is that their predictions are sensitive to the assumptions
one makes about the initial conditions for the multiverse. Meanwhile, the scale-factor
cutoff measure is essentially independent of the initial state. This property reflects
the attractor character of eternal inflation: the asymptotic late-time evolution of an
eternally inflating universe is independent of the starting point.
In the following Chapters we shall analyze the scale-factor cutoff measure more
quantitatively by studying the probability distributions of the cosmological constant
and of the cuvature parameter, as well as the issue of Boltzmann brain domination.
Chapter 3
The Distribution of the
Cosmological Constant
The subject of this Chapter is the prediction of the cosmological constant A [52, 53,
54, 55, 56, 571, which is arguably a major success of the multiverse picture. Most
calculations of the distribution of A in the literature [56, 57, 58, 59, 60, 61] do not
explicitly specify the measure, but in fact correspond to using the pocket-based mea-
sure. The distribution of positive A in a causal-patch measure has also been consid-
ered [62]. The authors of Ref. [62] emphasize that the causal-patch measure gives
a strong suppression for values of A more than about ten times the observed value,
while anthropic constraints alone might easily allow values 1000 times larger than
observed, depending on assumptions. Here, we calculate the distribution for A in the
scale-factor cutoff measure, considering both positive and negative values of A, and
compare our results with those of other approaches. We find that our distribution is
in a good agreement with the observed value of A, and that the scale-factor cutoff
gives a suppression for large positive values of A that is very similar to that of the
causal-patch measure.
This Chapter is organized as follows. After stating our model assumptions in
section 3.1, we compute the probability distribution of A for the pocket-based measure
in section 3.2, reproducing previous results. Then we calculate the distribution for the
scale-factor cutoff, both for the nonlocal "FRW" measure discussed in section 2.2.1
(section 3.3) and the "local" measure (section 3.4). In all cases we study positive and
negative values of A. Our main results are summarized in section 3.5. Appendix B
at the end of the thesis refers particularly to this Chapter. In fact, it contains an
analysis of the evolution of the collapse density threshold, along with a description of
the linear growth function of density perturbations.
3.1 Model assumptions
We now consider a landscape of vacua with the same low-energy physics as we observe,
except for an essentially continuous distribution of possible values of A. According
to Eq. (2.16), the volume that thermalizes between times t,, and t, + dt, with values
of cosmological constant between A and A + dA is given by
dV(A) = C(A)dAe"**dt*. (3.1)
The factor of C(A) plays the role of the "prior" distribution of A; it depends on the
spectrum of possible values of A in the landscape and on the dynamics of eternal
inflation. The standard argument [52, 56] suggests that C(A) is well approximated
by
C(A) ~ const, (3.2)
because anthropic selection restricts A to values that are very small compared to
its expected range of variation in the landscape. The conditions of validity of this
heuristic argument have been studied in simple landscape models [43, 63, 641, with
the conclusion that it does in fact apply to a wide class of models. Here, we shall
assume that Eq. (3.2) is valid.
Anthropic selection effects are usually characterized by the fraction of matter
that has clustered in galaxies. The idea here is that a certain average number of
stars is formed per unit galactic mass and a certain number of observers per star,
and that these numbers are not strongly affected by the value of A. Furthermore,
the standard approach is to assume that some minimum halo mass MG is necessary
to drive efficient star formation and heavy element retention. Since we regulate the
volume of the multiverse using a time cutoff, it is important for us to also track at
what time observers arise. We assume that after halo collapse, some fixed proper time
lapse Ar is required to allow for stellar, planetary, and biological evolution before an
observer can measure A. Then the number of observers measuring A before some
time r in a thermalized volume of size V, is roughly
M oc F(MG, - A7T)V, (3.3)
where F is the collapse fraction, measuring the fraction of matter that clusters into
objects of mass greater than or equal to MG, at time T - AT.
Anthropic selection for structure formation ensures that within each relevant
pocket matter dominates the energy density before A does. Thus, all thermalized
regions evolve in the same way until well into the era of matter domination. To draw
upon this common evolution, within each pocket we define proper time T with respect
to a fixed time of thermalization, T,. It is convenient to also define a reference time
Tm such that Tm is much larger than the time of matter-radiation equality and much
less than the time of matter-A equality. Then evolution before time rm is the same
in every pocket, while after Tm the scale factor evolves as
HA2 /3 sinh2/3(IHAr) for A > 0
a(r) = A (3.4)
H/2/3 sin2/3(1HAT) for A < 0.
Here we have defined
HA = V/|A|_/ 3 , (3.5)
and use units with G - c - 1. The prefactors HA2/3 ensure that early evolution is
identical in all thermalized regions. This means the global scale factor a is related
to & by some factor that depends on the scale-factor time t, at which the region of
interest thermalized.
In the case A > 0, the rate at which halos accrete matter decreases with time and
halos may settle into galaxies that permit quiescent stellar systems such as ours. The
situation with A < 0 is quite different. At early times, the evolution of overdensities
is the same; but when the proper time reaches Tturn = r/3HA, the scale factor begins
to decrease and halos begin to accrete matter at a rate that increases with time. Such
rapid accretion may prevent galaxies from settling into stable configurations, which in
turn would cause planetary systems to undergo more frequent close encounters with
passing stars. This effect might become significant even before turnaround, since our
present environment benefits from positive A slowing the collision rate of the Milky
Way with other systems.
For this reason, we use Eq. (3.3) to estimate the number of observers if A > 0,
but for A < 0 we consider two alternative anthropic hypotheses:
A. we use Eq. (3.3), but of course taking account of the fact that the proper time
r cannot exceed Tcrunch = 27r/3HA; or
B. we use Eq. (3.3), but with the hypothesis that the proper time T is capped at
turn = 7r/3HA.
Here Tcrunch refers to the proper time at which a thermalized region in a collapsing
pocket reaches its future singularity, which we refer to as its "crunch." Anthropic
hypothesis A corresponds to the assumption that life can form in any sufficiently
massive collapsed halo, while anthropic hypothesis B reflects the assumption that
the probability for the formation of life becomes negligible in the tumultuous envi-
ronment following turnaround. Similar hypotheses for A < 0 were previously used in
Ref. [61]. It seems reasonable to believe that the truth lies somewhere between these
two hypotheses, perhaps somewhat closer to hypothesis B.
3.2 Distribution of A using a pocket-based mea-
sure
Before calculating the distribution of A using a scale-factor cutoff, we review the
standard calculation [56, 57, 58, 59, 60, 61]. This approach assumes an ensemble
of equal-size regions with a flat prior distribution of A. The regions are allowed to
evolve indefinitely, without any time cutoff, so in the case of A > 0 the selection
factor is given by the asymptotic collapse fraction at r -+ oc. For A < 0 we shall
consider anthropic hypotheses A and B. This prescription corresponds to using the
pocket-based measure, in which the ensemble includes spherical regions belonging to
different pockets and observations are counted in the entire comoving history of these
regions. The corresponding distribution function is given by
F(MG, T -+ 0) for A > 0
P(A) oc F(MG, Tcrunch - AT) for A < 0 (A) (3.6)
F(MG, rturn - AT) for A< 0 (B),
where, again, Tcrunch = 27r/3HA is the proper time of the crunch in pockets with
A < 0, while Tturn = Ir/3HA.
We approximate the collapse fraction F using the Press-Schechter (PS) formal-
ism [651, which gives
F(MG, T) = erfc J6(T) (3.7)
L v/ o- (MG, T).
where o-(MG, r) is the root-mean-square fractional density contrast ISM/M averaged
over a comoving scale enclosing mass MG and evaluated at proper time T, while oc
is the collapse density threshold. As is further explained in appendix B, 6 c(T) is
determined by considering a "top-hat" density perturbation in a flat universe, with
an arbitrary initial amplitude. &c(r) is then defined as the amplitude reached by the
linear evolution of an overdensity of nonrelativistic matter 6pm/Pm that has the same
initial amplitude as a top-hat density perturbation that collapses to a singularity in
proper time T. 6 c(T) has the constant value of 1.686 in an Einstein-de Sitter universe
(i.e., flat, matter-dominated universe), but it evolves with time when A 5 0 [66, 671.
We simulate this evolution using the fitting functions (B.23), which are accurate to
better than 0.2%. Note, however, that the results are not significantly different if one
simply uses the constant value oc = 1.686.
Aside from providing the collapse fraction, the PS formalism describes the "mass
function," i.e. the distribution of halo masses as a function of time. N-body simula-
tions indicate that PS model overestimates the abundance of halos near the peak of
the mass function, while underestimating that of more massive structures [68]. Con-
sequently, other models have been developed (see e.g. Refs. [69]), while others have
studied numerical fits to N-body results [70, 61]. From each of these approaches, the
collapse fraction can be obtained by integrating the mass function. We have checked
that our results are not significantly different if we use the fitting formula of Ref. [61]
instead of Eq. (3.7). Meanwhile, we prefer Eq. (3.7) to the fit of Ref. [61] because the
latter was performed using only numerical simulations with A > 0.
The evolution of the density contrast a is treated linearly, to be consistent with
the definition of the collapse density threshold c. Thus we can factorize the behavior
of a(MG, T), writing
o- (MG , T) = &-(MG) GA (r), (3.8)
where GA (T) is the linear growth function, which is normalized so that the behavior for
small T is given by GA(T) ~ (3HAT/2)2 /3 . In appendix B we shall give exact integral
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Figure 3-1: The normalized distribution of A for A > 0, with A in units of the
observed value, for the pocket-based measure. The vertical bar highlights the value
we measure, while the shaded regions correspond to points more than one and two
standard deviations from the mean.
expressions for GA(-r), and also the fitting formulae (B.12) and (B.13), taken from
Ref. [61], that we actually used in our calculations. Note that for A > 0 the growth
rate GA(-r) always decreases with time (GA(T) < 0), while for A < 0 the growth rate
reaches a minimum at r ~ 0.24 rcrunch and then starts to accelerate. This accelerating
rate of growth is related to the increasing rate of matter accretion in collapsed halos
after turnaround, which we mentioned above in motivating the anthropic hypothesis
B.
The prefactor a (MG) in Eq. (3.8) depends on the scale MG at which the density
contrast is evaluated. According to our anthropic model, MG should correspond to
the minimum halo mass for which star formation and heavy element retention is
efficient. Indeed, the efficiency of star formation is seen to show a sharp transition:
it falls abruptly for halo masses smaller than MG ~ 2 x 10"M®, where MD is the
solar mass [71]. Peacock [61] showed that the existing data on the evolving stellar
density can be well described by a Press-Schechter calculation of the collapsed density
for a single mass scale, with a best fit corresponding to o-(MG, Tooo) ~ 6.74 x 10~3,
where 1000 is the proper time corresponding to a temperature T = 1000 K. Using
cosmological parameters current at the time, Peacock found that this perturbation
amplitude corresponds to an effective galaxy mass of 1.9 x 1012 M®. Using the more
recent WMAP-5 parameters [5], as is done throughout this thesis,1 we find (using
Ref. [72] and the CMBFAST program) that the corresponding effective galaxy mass
is 1.8 x 1012 Mo.
Unless otherwise noted, in this Chapter we set the prefactor d(MG) in Eq. (3.8)
by choosing MG = 1012 Mo. Using the WMAP-5 parameters and the CMBFAST pro-
'The relevant values are QA = 0.742, Qm = 0.258, Qb = 0.044, ns = 0.96, h = 0.719, and
R(k = 0.02 Mpc-) = 2.21 x 10-9.
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Figure 3-2: The normalized distribution of A, with A in units of the observed value,
for the pocket-based measure. The left column corresponds to anthropic hypothesis
A while the right column corresponds to anthropic hypothesis B. Meanwhile, the top
row shows P(A) while the bottom row shows P(AI). The vertical bars highlight the
value we measure, while the shaded regions correspond to points more than one and
two standard deviations from the mean.
gram, we find that at the present cosmic time a(101 2 Me) f 2.03. This corresponds
to a-(10 2 M®, Tiooo) r 7.35 x 10-3
We are now prepared to display the results, plotting P(A) as determined by
Eq. (3.6). We first reproduce the standard distribution of A, which corresponds
to the case when A > 0. This is shown in Fig. 3-1. We see that the value of A that
we measure is between one and two standard deviations from the mean. Throughout
the Chapter, the vertical bars in the plots merely highlight the observed value of
A and do not indicate its experimental uncertainty. The quality of the fit depends
on the choice of scale MG; in particular, choosing smaller values of MG weakens the
fit [73, 60]. Note however that the value of MG that we use is already less than that
recommended by Ref. [61].
Fig. 3-2 shows the distribution of A for positive and negative values of A. We
use Ar = 5 x 109 years, corresponding roughly to the age of our solar system. The
left column corresponds to choosing anthropic hypothesis A while the right column
corresponds to anthropic hypothesis B. To address the question of whether the
observed value of |Al lies improbably close to the special point A = 0, in the second
row we plot the distributions for P(AI). We see that the observed value of A lies
anthropic hypothesis A anthropic hypothesis B
only a little more than one standard deviation from the mean, which is certainly
acceptable. (Another measure of the "typicality" of our value of A has been studied
in Ref. [60]).
3.3 Distribution of A using the scale-factor cutoff
measure
We now turn to the calculation of P(A) using a scale-factor cutoff to regulate the
diverging volume of the multiverse. When we restrict attention to the evolution of
a small thermalized patch, a cutoff at scale-factor time t, corresponds to a proper
time cutoff T, which depends on tc and the time at which the patch thermalized, t,.
Here we take the thermalized patch to be small enough that scale-factor time t is
essentially constant over hypersurfaces of constant T. Then the various proper and
scale-factor times are related by
tc - t, H(-r) d=ln(r)/ (r)]. (3.9)
Recall that all of the thermalized regions of interest share a common evolution up
to the proper time 'm, after which they follow Eqs. (3.4). Solving for the proper time
cutoff rc gives
c H arcsinh HAm e(ctc) , (3.10)
for the case A > 0, and
r = Hf arcsi HArme~ctc (3.11)
for A < 0. The term C is a constant that accounts for evolution from time -r to time
Tm. Note that as te - t, is increased in Eq. (3.11), rc grows until it reaches the time
of scale-factor turnaround in the pocket, Tturn = gr/3HA, after which the expression
is ill-defined. Physically, the failure of Eq. (3.11) corresponds to when a thermalized
region reaches turnaround before the scale-factor time reaches its cutoff at tc. After
turnaround, the scale factor decreases; therefore these regions evolve without a cutoff
all the way up to the time of crunch, 'crunch= 27r/3HA.
When counting the number of observers in the various pockets using a scale-
factor cutoff, one must keep in mind the dependence on the thermalized volume V,
in Eq. (3.3), since in this case V, depends on the cutoff. As stated earlier, we assume
the rate of thermalization for pockets containing universes like ours is independent
of A. Thus, the total physical volume of all regions that thermalized between times
t, and t, + dt, is given by Eq. (2.16), and is independent of A. Using Eq. (3.3) to
count the number of observers in each thermalized patch, and summing over all times
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Figure 3-3: The normalized distribution of A for A > 0, with A in units of the observed
value, for the scale-factor cutoff. The vertical bar highlights the value we measure,
while the shaded regions correspond to points more than one and two standard devi-
ations from the mean.
below the cutoff, we find
P(A) oc j F[MG, 7c(tc, t*) - AT] e dt*- (3.12)
Note that regions thermalizing at a later time t* have a greater weight oc eY*. This is
an expression of the youngness bias in the scale-factor measure. The A dependence of
this distribution is implicit in F, which depends on 6c(A, rc - Ar)/orms(A, -r - AT),
and in turn on r(A), which is described below.
For pockets with A > 0, the cutoff on proper time -r is given by Eq. (3.10).
Meanwhile, when A < 0, rc is given by Eq. (3.11), when that expression is well-
defined. In practice, the constant C of Eqs. (3.10) and (3.11) is unimportant, since
a negligible fraction of structures form before the proper time rm. Furthermore, for
a reference time Tm chosen deep in the era of matter domination, the normalized
distribution is independent of Tm. As mentioned above, for sufficiently large te - t*
Eq. (3.11) becomes ill-defined, corresponding to the thermalized region reaching its
crunch before the scale-factor cutoff. In this case we set r = Tcrunch or Tc = Tturn,
corresponding to the anthropic hypothesis A or B described above.
To compare with previous work, we first display the distribution of positive A in
Fig. 3-3. We have set -y = 3 and use AT = 5 x 109 years. Clearly, the scale-factor
cutoff provides an excellent fit to observation, when attention is limited to A > 0. Note
that the scale-factor-cutoff distribution exhibits a much faster fall off at large A than
the pocket-based distribution in Fig. 3-1. The reason is not difficult to understand.
For larger values of A, the vacuum energy dominates earlier. The universe then
begins expanding exponentially, and this quickly triggers the scale-factor cutoff. Thus,
anthropic hypothesis A anthropic hypothesis B
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Figure 3-4: The normalized distribution of A, with A in units of the observed value,
for the scale-factor cutoff. The left column corresponds to anthropic hypothesis A
while the right column corresponds to anthropic hypothesis B. Meanwhile, the top
row shows P(A) while the bottom row shows P(IAI). The vertical bars highlight the
value we measure, while the shaded regions correspond to points more than one and
two standard deviations from the mean.
pockets with larger values of A have an earlier cutoff (in terms of the proper time)
and have less time to evolve observers. This tendency for the cutoff to kick in soon
after A-domination may help to sharpen the anthropic explanation [58, 74 of the
otherwise mysterious fact that we live so close to this very special epoch (matter-A
equality) in the history of the universe.
The distribution of A for positive and negative values of A is displayed in Fig. 3-
4, using the same parameter values as before. We see that the distribution with
anthropic hypothesis A provides a reasonable fit to observation, with the measured
value of A appearing just within two standard deviations of the mean. Note that
the weight of this distribution is dominated by negative values of A, yet anthropic
hypothesis A may not give the most accurate accounting of observers in pockets
with A < 0. Anthropic hypothesis B provides an alternative count of the number of
observers in regions that crunch before the cutoff, and we see that the corresponding
distributions provide a very good fit to observation.
The above distributions all use AT = 5 x 109 years and MG= 101 0 . These
values are motivated respectively by the age of our solar system and by the mass
of our galactic halo, the latter being a good match to an empirical fit determining
anthropic hypothesis A
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Figure 3-5: The normalized distribution of A, with A in units of the observed value in
the scale-factor cutoff. The left column corresponds to anthropic hypothesis A while
the right column corresponds to anthropic hypothesis B. The top row displays curves
for AT = 3 (solid), 5 (dashed), and 7 (dotted) x 109 years, with MG = 10" Me, while
the bottom row displays curves for MG = 1010 M® (solid), 10" Me (dashed), and
101 M® (dotted), with Ar = 5 x 109 years. The vertical bars highlight the value of
A that we measure.
the halo mass scale characterizing efficient star formation [61]. Yet, to illustrate the
dependence of our main result on Ar and MG, in Fig. 3-5 we display curves for
both anthropic hypotheses A and B, using Ar = 3, 5, and 7 x 109 years and using
MG = 1010, 101, and 10"M®. The distribution varies significantly as a result of
these changes, but the fit to the observed value of A remains good.
3.4 Distribution of A using the "local" scale-factor
cutoff measure
Let us now repeat the analysis for the case when we treat the scale-factor time t' as
a purely local quantity, defined by Eqs. (2.4)-(2.5), where we use the prime to help
distinguish the results here from those of the "FRW" scale-factor time t. We freeze
the value of scale-factor time when H becomes negative. The strategy of the previous
section was to divide the congruence of geodesics into small "patches", such that on
any hypersurface orthogonal to the congruence of a given patch, the scale-factor time
and proper time were essentially constant. Then, we counted the number of observers
in an arbitrary such patch that featured reheating at scale-factor time t', and then
summed over all t' . Let us take up this strategy again. Only, we are careful to
note that aside from the curvature from bubble wall geometry, there is curvature due
to quantum fluctuations of the inflaton and subsequent big bang evolution. Thus,
the above patches should be made small enough that this smaller-scale curvature is
constant over any patch.
The distribution of observed values of A can then be written
P(A) oc A(A; t', t')eyt'dt' , (3.13)
where A(A; t', t') is the typical number of observers seeing cosmological constant A
in a patch that thermalizes at scale-factor time t', before scale-factor time t' , and
we shall set y = 3. As before, we restrict our attention to observers in galaxies with
mass MG and model the evolution of these galaxies as that of a spherical top-hat
overdensity. A given patch can be characterized by its curvature K at the time of
reheating. Since our reference class of observers is equivalent to galaxies with mass
MG, and because we use the top-hat approximation for the curvature, we can bundle
patches so that they enclose a comoving mass MG. Note that the probability that A
is measured before scale-factor time to in such a patch is a step function with respect
to the curvature r, of such a patch: either K is so large that the patch turns around or
collapses before tc, or not. We restrict attention to regions that feature inflation as in
our universe, so that r, has an approximately Gaussian distribution, with root- mean-
square so as to reflect the primordial curvature perturbation on scales enclosing mass
MG in our universe. Thus the distribution of values of K is proportional to e- 2 /24rms
and inserting the step-function behaviour noted above we find
A(A; t', t') oc erfc [ m (3.14)
where Krmin(A; t', t') is the smallest curvature K for which a spherical overdensity turns
around or collapses, between reheating scale-factor time t' and the cutoff t'.
In the idealization of spherical top-hat overdensities, each patch can be described
by an FRW metric, with scale factor A. Patches that contain observers expand from
scale factor A, at t' to some maximum scale factor Aturn(A, K, A*), and then turn
around and collapse. The scale-factor time between reheating and turnaround is
t'urn - t= ln(Aturn/A*). In terms of scale-factor time t', if a patch turns around
before the cutoff tc, then it contains observers. In other words, if
t' - t' > ln(Aturn/A*) (3.15)
the patch contains observers. We can use Birkhoff's theorem to map the evolution
of a spherical overdensity to that of a closed FRW universe. Hence we write the
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Figure 3-6: The normalized distribution of A for A > 0, with A in units of the
observed value, for the "local" scale-factor cutoff. The vertical bar highlights the
value we measure, while the shaded regions correspond to points more than one and
two standard deviations from the mean.
Friedmann equation,
H2 8 [rG [PA+ -L- - (3.16)
H =3 L A3 A21 ,I3.6
where we have normalized the scale factor A such that A = 1 when the matter density
equals po. The local scale factor A turns around when the local Hubble rate H = 0,
i.e. when
PA 3 - rA + Po = 0. (3.17)
Let us call the solution of this cubic equation Aturn(K); it can in principle be
written in closed form. Furthermore, the expression can be inverted, to give the
curvature as a function of Aturn: K(Aturn). In fact, we can find this function directly
from Eq. (3.17). Thus,
1
K(Aturn) = Aturn [po + pAA'srn] . (3.18)
Now, rmin is simply the value of r for which t' - t' = ln(Aturn/A*), so
imin(A; t', t') = et-t po + pAA3e3(t't'* . (3.19)
We can trade the variable t' from the variable Aturn using Eq. (3.15) and then express
the probability distribution Eq. (3.13) as
I p + a 3 A3
P(A) oc erfc [PO + PAAturn1 A dAtur, (3.20)
i-o .2IirmsAturn Aturn
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Figure 3-7: The normalized distribution of A, with A in units of the observed value, for
the "local" scale-factor cutoff. The left column corresponds to anthropic hypothesis
A while the right column corresponds to anthropic hypothesis B. The vertical bars
highlight the value we measure, while the shaded regions correspond to points more
than one and two standard deviations from the mean.
We can write Krms = (5/3)pouo, where uo is the density constrast evaluated on a
comoving scale enclosing mass MG, when A = 1. Taking po to be evaluated at a time
deep in matter domination, the early universe behaviour of each patch is the same.
Thus, A, is independent of A. Furthermore, we may take A. -+ 0 in the lower limit of
integration, since the erfc gives negligible contribution there. Now, Aturn is a dummy
variable of integration, so we can replace Aturn -+ z and re-write Eq. (3.20) as
F1 -+ (pA/po)z 3 1P(A) oc j erfc I + ( -dz. (3.21)
o . 1 rms(5/3)oz z
The result is surprisingly simple in form. The result should be independent of at
what time we set A = 1, so long as it is deep into matter domination. To see this,
note that deep in matter domination o oc A. So, let us write pA/po = Axo, where A
is the cosmololical constant measure in units of the value measured in our Universe.
Then o. oc zO, and xO is independent of A. Clearly, we can perform a variable
redefinition on Eq. (3.21), and xo cancels out. We choose po to be the matter density
when the radiation temperature is T = 1000 K. This gives pA/po = 5.82 x 10-8, and
ao = 7.35 x 10-3. The resulting probability distribution for positive A is plotted in
Figure 3-6.
So far, we never assumed a particular sign for PA, so the result of Eq. (3.21)
should essentially apply both positive and negative A. The exception concerns our
assumption that observers arise whenever the scale factor reaches Aturn before t'. In
negative A universes, we must ensure there is sufficient time between turnaround
(collapse) and the nal FRW singularity, for observers to arise. Let us formulate this
constraint as follows. Denote the FRW scale factor within a collapsing universe using
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Figure 3-8: The normalized distribution of A, with A in units of the observed value in
the "local" scale-factor cutoff. The left column corresponds to anthropic hypothesis A
while the right column corresponds to anthropic hypothesis B. The top row displays
curves for AT = 3 (solid), 5 (dashed), and 7 (dotted) x 109 years, with MG = 1012 M®,
while the bottom row displays curves for MG = 1010 MD (solid), 1011 MD (dashed),
and 1012 M® (dotted), with Ar = 5 x 109 years. The vertical bars highlight the value
of A that we measure.
a(T), where r is the FRW proper time. Then we may demand,
In Aturn~ n a(rturn - AT)
I A, . -- (-r.) I (3.22)
for A < 0. Here, rturn = lr/3HA is the proper time of turnaround, Ar is the time lapse
we require between the turnaround of the local scale factor A and the turnaround of
the FRW scale factor a, and r, is the proper time of reheating. Using Eq. (3.4), we
can solve (3.22) for Aturn and get the upper limit
Aturn S; P
(PA )13sin
2/3 7r 3 HAA ,
_ 2 2
(3.23)
for A < 0.
The distribution of A for positive and negative values of A is displayed in Fig. 3-7,
using Ar = 5 x 109 years and MG = 1012MG. We see that both distributions provide
reasonably good fits to observation, with the measured value of A appearing just
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within one or two standard deviations of the mean. In Fig. 3-8 we display curves for
both anthropic hypotheses A and B, using AT = 3, 5, and 7 x 109 years and using
MG = 1010, 101, and 1012 Mo. The distribution varies significantly as a result of
these changes, but the fit to the observed value of A remains good.
3.5 Conclusions
The main focus of this Chapter has been on the probability distribution for the
cosmological constant A. Although the statistical distribution of A among states in
the landscape is assumed to be flat, imposing a scale-factor cutoff modulates this
distribution to prefer smaller values of A. Combined with appropriate anthropic
selection effects, this gives a distribution of A that is in a good fit with observation.
We have calculated the distribution for positive and negative values of A, as well as
for the absolute value |Al. For A > 0, we adopted the standard assumption that the
number of observers is proportional to the fraction of matter clustered in halos of
mass greater than 10"Mo, and allowed a fixed proper time interval AT = 5 x 109
years for the evolution of observers in such halos. For A < 0, we considered two
possible scenarios, which probably bracket the range of reasonable possibilities. The
first (scenario A) assumes that observations can be made all the way to the big crunch,
so we count all halos formed prior to time Ar before the crunch. The second (scenario
B) assumes that the contracting negative-A phase is hazardous to life, so we count
only halos that formed at time AT or earlier before the turnaround.
Our results show that the observed value of A is within two standard deviations
from the mean for scenario A, and within one standard deviation for scenario B. In
the latter case, the fit is better than that obtained in the "standard" calculations [56,
57, 58, 59, 60, 611, which assume no time cutoff (this is equivalent to choosing a
pocket-based measure on the multiverse). The causal patch measure also selects for
smaller values of A providing, in the case of positive A, a fit to observation similar to
that of the scale-factor cutoff [621. Note, however, that the approach of Ref. [62] used
an entropy-based anthropic weighting (as opposed to the structure-formation-based
approach used here) and that the distribution of negative A has not been studied in
this measure.
We have verified that our results are robust with respect to changing the parame-
ters MG and AT. The agreement with the data remains good for MG varying between
1010 and 101 2MD and for AT varying between 3 x 10' and 7 x 10' years.
Chapter 4
The Distribution of the Curvature
Parameter
An interesting feature of the scale-factor cutoff measure is that it does not reward
regions of the multiverse for having longer periods of slow-roll inflation. Thus, one
might hope that in our bubble slow-roll inflation did not last long enough to wash
away all of the relics of the bubble nucleation event. One such relic is the large
geometric curvature of the bubble at the time of its nucleation. (Note that the large-
curvature initial bubble is still homogeneous and isotropic, due to the symmetries of
the eternally-inflating vacuum in which it nucleates [75, 76].) In this Chapter, we
study the probability distribution of the curvature parameter Qk,
8irG
k 1 - H Ptotal ' (4.1)
where H is the Hubble parameter and ptotal is the total energy density of our universe.
For simplicity, we only focus on the scale-factor cutoff measure. The joint prob-
ability distribution for Qk and the cosmological constant, using the causal entropic
principle [77], has been already investigated in Ref. [781. The case of the causal patch
measure was explored in Ref. [79]. The predictions of all these approaches turn out
to be very similar.
We first study the effect of anthropic selection in favor of small Qk, which derives
from the tendency of large curvature to inhibit structure formation. Anthropic distri-
butions for the curvature parameter have previously been estimated by Vilenkin and
Winitzki [46] and by Garriga, Tanaka, and Vilenkin [12]; however that work did not
include a non-zero cosmological constant. The cosmological constant was included in
a more recent calculation by Freivogel, Kleban, Rodriguez Martinez, and Susskind
[50]; however that work did not take into account the Gaussian distribution of pri-
mordial density perturbations, which allows for structure formation even when the
curvature is large enough to prevent the collapse of a typical-amplitude density fluctu-
ation. We provide a complete treatment of the problem, using updated cosmological
data. Although anthropic selection strongly suppresses the probability to measure
Qk > 0.6 or so, by itself it does not strongly select for values of Qk as small as the
present observational bound.
The curvature parameter today Q5 depends exponentially on the number of e-
folds of slow-roll inflation Ne. The authors of Ref. [50] proposed a simple toy model of
inflation in the landscape, for which they find Ne to follow the distribution dPo(Ne) oc
N- 4 dNe. We adopt this model and use the scale-factor cutoff measure to predict the
distribution of Qk among bubbles like ours in the multiverse. The result is essentially
what one might guess by ignoring volume weighting, anthropic selection, and the
effects of the measure. The predicted distribution of Qk prefers values below that
expected from cosmic variance [80, 81], but it gives reasonable hope for Qk to be
significantly larger. Specifically, there is about a 6% chance to observe Q0 2 10-3
and about an 11% chance to observe Q' > 10', the latter corresponding roughly to b
to which Qk can in principle be determined [81]. These predictions rely on some simple
assumptions about inflation, including a reheating temperature of T, ~ 10" GeV.
(All else being equal, lowering the reheating temperature increases the likelihoods for
these observations.)
To make the above predictions as precise as possible, we have assumed that Qk
is measured at the present cosmic time, and input the observational constraint Q0 <
0.013 [5] (for simplicity we treat this 95% confidence level as a hard bound). Yet,
related to the question of what we (observers living at the present cosmic time)
expect to measure, there is the question of what typical observers (i.e. those living at
arbitrary times) in bubbles like ours measure. To address this question it is convenient
to work with a time-invariant measure of curvature; for this we choose
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which in effect expresses the inverse curvature radius squared, r-2 = H 2 , in
units related to the late-time matter density and cosmological constant (here QA is
the density parameter of the cosmological constant, Qm is that of non-relativistic
matter). As before we restrict attention to bubbles just like ours, including the
value of the cosmological constant, and times after non-relativistic matter domination,
when presumably all of the observers arise. One can then ask how typical is our
measurement, k < 0.035. Using the scale-factor cutoff, we find that observers typically
observe k to satisfy this bound.
Because anthropic selection is rather weak in the vicinity of the bound k < 0.035,
we can rule out certain distributions of Ne, because they predict that we should
measure k to be much larger than we do. The assumptions referred to above relate
k = 0.035 to Ne = 63.7 e-folds of inflation. Although anthropic selection is weak for
Ne near to and greater than this number, it becomes strong at Ne ~ 61. Thus, a
landscape distribution of Ne can be ruled out if its weight over the interval 63.7 < Ne
is much less than its weight over the interval 61 ,< Ne < 63.7. Different assumptions
about inflation (for example higher or lower reheating temperature) merely shift the
numbers in these inequalities.
The remainder of this Chapter is organized as follows. In Section 4.1, we review
some background material that is relevant to our main calculation, a description of
how one can model bubble geometry before and after slow-roll inflation (Section 4.1.1),
and some background on structure formation in an open FRW universe (Section 4.1.2).
The distribution of Qk is calculated in Section 4.2. In Section 4.3 we discuss anthropic
considerations and describe how our results can be used to rule out hypothetical
models of inflation in the landscape. The analysis of Sections 4.2 and 4.3 is discussed
in the context of the local definition of the scale-factor cutoff measure in Section
4.4, where it is shown the predictions are qualitatively unchanged. We draw our
conclusions in Section 4.5.
4.1 Background
4.1.1 The Geometry of pocket nucleation
We here provide some background on the geometry of bubble nucleation; this section
is largely based on Ref. [46] ( a similar analysis can be found in Ref. [33]). To begin,
consider a bubble of our vacuum that nucleates at scale-factor time tnuc. The parent
vacuum in which our bubble nucleates can be described by flat de Sitter coordinates
with metric
ds2 = -dt 2 + e2 (dr2 ± r2 dQ|) , (4.3)
where t is the flat de Sitter time, defined so as to coincide with the scale-factor time
in the parent vacuum, and dQ2 = d6 2 + sin2 d#2. We assume the parent vacuum
has larger vacuum energy than ours. The nucleation process is then as described in
Ref. [75]: the bubble starts as a small three-sphere and expands at a rate that rapidly
approaches the speed of light.
Inside the bubble, we take interest in the open FRW coordinates (r, ), which are
described by the metric
ds2 = -d 2 + 52 (T) (dg2 + sinh2 ( dQ ) . (4.4)
Here &(r) is the scale factor within the bubble, which should not be confused with
that outside the bubble. We define proper time r such that r = 0 at the bubble wall.
The coordinates (r, () are natural to an observer inside the bubble - surfaces of
constant proper time r have constant energy density and a constant curvature term
1/5,2, i.e. the Einstein field equation gives
1 87rGtotal
H 2 3 *t 45
Note that curves of constant (, 0, and # define a congruence of comoving geodesics
inside the bubble.
In order to obtain a simple relationship between the global geodesic congruence
and that defined inside the bubble, we consider a simple model of bubble nucle-
ation [46]. Specifically, we model the false-vacuum inflation of the parent vacuum,
the tunneling event, and the subsequent evolution in the bubble (up to reheating)
using a single scalar field p, with potential V(<p) (as illustrated in Fig. 4-1). Fur-
V(<O)
Figure 4-1: The potential V(o) describing the parent vacuum, slow-roll inflation
potential, and our vacuum.
thermore, we assume the tunneling barrier of V is such that V(o) is nearly the same
before and after tunneling, and that gravitational effects of the bubble wall are neg-
ligible. Due to the symmetries of the tunneling instanton, the field W emerges after
tunneling with zero 'velocity', dp/dr = 0 [75]. Therefore, at very early times r the
geometry inside the bubble is approximately de Sitter.
Because the vacuum energy is nearly the same outside and just inside the bubble,
and the geometry in both regions is de Sitter, constant r geodesics pass unaffected
through the bubble wall. Thus, in this de Sitter region the global geodesic congruence
and that inside the bubble are related by the usual relationship between flat and open
de Sitter coordinates:
Hit(T, ) = ln[cosh(HiT) + sinh(HT)cosh (
Hi r (,T, ) sinh(Hir) sinh (
cosh(Hir) + sinh(Hir) cosh ( '
where Hi is the Hubble rate of the parent vacuum. Note that Hi is not the Hubble
rate at early times in the bubble, even though the energy density V is nearly the same
in both regions. This is because of the curvature term in Eq. (4.5). Solving Eq. (4.5)
in the limit V(W) V(Ws) = 3H/87rG, one finds
5(r) = H7 1 sinh(HiT), (4.7)
(the singularity a -+ 0 as r -- 0 is only a coordinate singularity). This solution holds
as long as V(p) does not change significantly, i.e. as long as Hr < v/167rG V/V',
where the prime denotes -differentiation [46].
After entering the de Sitter region just inside the bubble wall, geodesics of constant
r (which are comoving in the parent vacuum) asymptote to the geodesics of constant
parent vac.
our vac.
slow-roll
T -
0ri Hi1
Figure 4-2: The geometry near the bubble boundary.
( (which are comoving in the bubble), up to corrections of order e-Hir. See Fig. 4-2
for an illustration. We assume that we can map these geodesics onto each other with
reasonable accuracy during the early de Sitter expansion, i.e. we assume there exists
a time ri satisfying 1 < HjT < v167rG V/V'. The scale-factor time at T is then
given by
ti = tauc + H-ri + 2 In cosh (/2) , (4.8)
which is obtained by taking the limit HT > 1 of Eqs. (4.6).
After the proper time Ti, the bubble expands through Ne e-folds of slow-roll in-
flation, reheats, and then undergoes big bang evolution. We shall take interest in a
reference class of observers who measure Qo at the same FRW proper time, ro. We
denote the number of e-folds of expansion along a constant-i geodesic from reheating
to this time No. Then the scale-factor time at which these observers measure Qo can
be written
to = u + HTj + 2 In cosh ((/2) + Ne + No. (4.9)
Note that to is a function of (. Thus, the scale-factor cutoff, which requires to 5 tc,
implies a cutoff on the FRW coordinate (, (c, with
= 2 cosh-1 exp - (tc - tnuc - Hir- Ne - No)1. (4.10)
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The cutoff (c in turn implies that the constant T = ro hypersurface on which Qo is
measured, Eo, is finite.
The number of observers that arise in the bubble before the cutoff tc is proportional
to the physical volume of Eo. More precisely, the number of observers is proportional
to the matter density on Eo times its physical volume. After inflation the matter
density dilutes with cosmic expansion, so the number of observers can be taken to be
proportional to comoving volume of Eo at reheating
V, = 4r, .) jsinh2&d, (4.11)
where Tr, is the proper time of reheating. Note that the bubble scale factor at proper
time ri is &(r) 2H eHir- this is Eq. (4.7) in the limit HiT > 1. Thus Eq. (4.11)
can be written
V, = H,_3(H r+Ne) 2sinh2 (4.12)2 Jo
In Section 4.2 we take interest in the volume at thermalization, V,, as well as the
curvature parameter Q2, evaluated on the hypersurface Eo, as a function of Ne. The
curvature parameter at T0 can be related to its value at any previous (proper) time
using
Q = (5qHq/&oHo)2 , (4.13)
where the subscript 0 denotes quantities evaluated at To, and q denotes quantities
evaluated at some previous time. We set the previous time to be that of bubble
nucleation, r = 0 in open FRW coordinates. From Eqs. (4.5) and (4.7), we see
5(r)H(T) -+ 1 and Qk(r) -+ 1 as r -+ 0. During inflation the scale factor expands
exponentially with time, while after inflation it is convenient to write the scale factor
as a function of the temperature T, as opposed to the proper time r. Assuming
instantaneous reheating and conserving entropy in comoving volumes, the scale factor
at temperature T can be written
5( ) = H - eH rj+Ne ( g T3 )1/3d(T) = 2 1~mN 9T)  (4.14)
where T, is the reheating temperature and g counts the effective number of degrees of
freedom in thermal equilibrium (g, being the corresponding quantity at the reheating
temperature). We neglect Hjir next to Ne in the exponent of Eq. (4.14), which allows
us to write
Qo (2Hi0 To) e2Ne. (4.15)
k Hog/3T
The error introduced by ignoring Hi-r can be offset by a small shift in the value
of Ne; however, we treat Ne as an unknown, scanning parameter, and such a shift
is not important to our results. To proceed, we make educated guesses at the un-
known parameters in Eq. (4.15). First, note that according to our assumption of
instantaneous reheating, the Hubble rate and temperature at reheating are related
by H2 = (8-F3G/90) gT. We consider Hi to be a factor of a few larger than H.,
take g,, to be on the order of a hundred, and guess T, a 10- 4G-1/2 (i.e. GUT-scale
reheating). Putting all this together gives
S e123-2Ne ,(4.16)
where we have also input the present temperature To = 2.34 x 10-4 eV and Hubble
rate Ho = 1.53 x 10-33 eV. We comment on the effect of changing our guess of T. at
the end of Section 4.2.
4.1.2 Structure formation in an open FRW Universe
Anthropic selection in favor of structure formation may be an important effect mod-
ulating the distribution of Qk. Therefore, we take interest in the details of structure
formation in universes in which 0k may deviate significantly from zero (the work
here builds upon that of Refs. [46, 12, 50]). In this section, we describe the relevant
aspects of structure formation by looking at the evolution within a single bubble like
ours. In Section 4.2, we incorporate these results into the complete picture involving a
diverging number of bubbles that nucleate throughout the evolution of the multiverse.
In the context of estimating anthropic selection for structure formation, one often
studies the asymptotic collapse fraction. This is because one is interested in explain-
ing, say, the observed value of A, and one anticipates that observers like us could arise
at times somewhat different than the present cosmic time, and in galaxies with mass
somewhat different than that of the Milky Way (see for example Refs. [57, 82]). If one
were instead interested in the best possible prediction of A, one would use as much
information as is relevant to constrain it [83]. In this case, we would take interest in
the fraction of matter in halos with mass similar to that of the Milky Way, since it is
in this halo that we perform the measurement.
We denote the collapse fraction into halos of mass greater than or equal to MG
at time r as Fc(MG, T). The collapse fraction into only halos of mass equal to
MG is better known as the mass function (evaluated at MG), and we denote this
Fm (MG, T). The collapse fraction Fc can be approximated using the Press-Schechter
formalism [65), which gives
F = erfc 6 l. (4.17)
1 orms..(MG,rT)
Here 6c is the collapse density threshold - the amplitude reached by the linear
evolution of an overdensity at the time when a non-linear analysis would reveal that
it has collapsed - and -rms (MG, T) is the root-mean-square (rms) density contrast
on the comoving scale enclosing a mass MG and evaluated at proper time T. The
collapse density threshold Jc is not constant in time when Qk # 0, nor when A f 0;
however it changes by less than 10% over the course of big bang evolution [12, 67]
and the collapse fraction Fc (as well as the mass function Fm) is well-approximated
by taking oc = 1.69.
According to the Press-Schechter formalism, the mass function Fm can be obtained
by differentiation, Fm = (dFc/d In MG) - this corresponds to the distribution of halo
masses at any given time. Note that the only MG dependence of Fc comes from orms-
Meanwhile, the MG dependence of Urms factors out of its time evolution, i.e.
Orms(MG, r-) = &rms(MG) Go(r), (4.18)
where &rms(MG) is related to the rms primordial density contrast on comoving scales
enclosing mass MG. At fixed MG, dorms/d ln MG = (darms/d In MG) Go oC arms, and
so we write
1 62-
Fm oc exp 2 U2, (4.19)
Orms(MG, T) [2 rms(MG, r).
and interpret this as the mass fraction in halos with mass MG. Both Fc and Fm are
functions of arms, and so we now turn to describing this quantity.
The factor GQ(r) in Eq. (4.18) is called the growth factor, and an integral expres-
sion for it may be obtained by analyzing the first order Einstein field equation [84].
It is convenient to first define a new time variable,
X = PA/Pm OC 53 (T), (4.20)
where PA is the energy density in cosmological constant, pm is the matter density,
and d is the scale-factor (of the open FRW coordinates of the bubble, see Eqs. (4.4)
and (4.5)). The growth function is then
1 k I y- 1/6 dy
Go(x) c 1±- + + /2 (4.21)
z x/3 (1 + y + k y1/3)3/
where the curvature term k is defined by matching onto the Einstein field equation,
H2 = HA(1 + x-' + k X-2/ 3 ), (4.22)
where again HA -- 87rGpA/3. Thus, the curvature term k is related to Qk by
k 1/3  (4.23)
1+ x + k X1/3
In Eq. (4.22) we have ignored the presence of radiation in our universe, since its
effect on our analysis is negligible. Even with this simplification, Eq. (4.22) cannot
be solved in closed form. Instead, the evolution of x with time is given by the integral
expression
HAT =dz (4.24)3 o v/z 2 + z + k z4 /3
This relation defines a function T(x) relating the proper time in the bubble to the
new time variable x. The function T(x) can be obtained by numerical interpolation
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Figure 4-3: The collapse fraction Fc(Qk) (solid) and mass function Fm(Qk) (dotted);
see the text for details.
and (numerically) inverted to give x(r).
The functions Fc and Fm are in a sense anthropic factors, as they are approximately
proportional to the number of observers that arise in a fixed comoving volume of some
bubble at (or before) some specified time. Note that we here use the term "anthropic
factor" loosely, as we are only looking at a single bubble and the scale-factor cutoff
will introduce an additional selection effect when we account for all of the bubbles in
the multiverse. Nevertheless, it is worthwhile to study the distributions Fc(Qk) and
Fm(Qk). Of course, both of these depend on the time at which they are evaluated.
As we are ultimately interested in imposing a global time cutoff, we first evaluate Fc
and Fm at a fixed proper time Ar before the present "time" xo = 2.88. The rationale
behind this is to allow sufficient time after halo collapse for planet formation and
the evolution of observers, while at the same time increasing predictive power by
restricting attention to observers who perform the measurement of Qk at the same
time that we do.
The resulting distributions Fe(Qk) and Fm(Qk) are displayed in Fig. 4-3, where
we have used MG = 1012M0, M. being the solar mass, and have chosen Ar =
5 x 109 years. Alongside these are displayed the same distributions but ignoring the
proper time lapse Ar, i.e. setting Ar = 0. We have normalized the distributions to
integrate to unity. Here and throughout the Chapter we use WMAP-5 mean value
parameters [5] (see footnote 1 in Chapter 3) and compute the rms density contrast
on the scale MG using Ref. [72] and the CMBFAST program. For both Fc and Fm,
the curve with Ar = 0 is the one that is slightly higher at larger Qk. Note that the
distributions do not depend significantly on the choice of AT. For this reason, and
because it dramatically simplifies our calculations, henceforth we set Ar = 0.
Fig. 4-3 reveals that, although anthropic selection prevents an observer from mea-
suring too large a value of Qk, it does not select values of Qk as small as the obser-
vational bound (Q0 < 0.013 at 95% confidence level [5]) much more strongly than it
selects values, say, ten times larger than this. We return to this point in Section 4.3.
4.2 The Distribution of Qk
We can now describe what value of Qk we might expect to measure, given certain
assumptions about the multiverse. In any given bubble, the value of Qk is a function
of the expansion history along the comoving geodesic passing through the spacetime
point at which Qk is measured. This expansion history is well-understood only during
(a portion of) the big bang evolution following reheating. Although many factors
contribute to the expansion history before this big bang evolution, we bundle our
ignorance into a single parameter: the number of e-folds of slow-roll inflation in
our bubble, Ne. This is to say, we make guesses at relevant quantities such as the
scale of inflation and the reheating temperature (see the end of Section 4.1.1), and
consider that our errors are offset by (small) changes in the number of e-folds Ne.
The distribution of Ne is of course crucial to the analysis, yet in this aspect of the
calculation that we must rely on a high degree of speculation.
As indicated from the onset of this Chapter, we consider our universe to be a
thermalized bubble in an eternally inflating multiverse. Furthermore, we consider the
multiverse to be populated by a landscape of vacua so large that we may consider the
early dynamics of our bubble as independent of the low-energy physics that describes
the subsequent big bang evolution. In this picture, we expect the value of Ne in our
bubble to be typical of values across the multiverse, modulo any selection effects.
To guess at this distribution, we follow Freivogel, Kleban, Rodriguez Martinez, and
Susskind (FKRMS) [50].
These authors consider the dominant contribution to Ne to come from the slow-roll
of a single scalar field over an approximately linear potential,
VI)V 1 - W) , i <; W <; Wf ,(4.25)
where V0 , y, and A = og - po are free parameters that are assumed to scan across
the landscape, taking values between zero and one (in Planck units) with uniform
probability distribution. The primordial density contrast can be calculated from
Eq. (4.25), and is a function of the parameters V, y, and A. Since the primordial
density contrast is known, we consider the slice of the landscape of V(p) for which it
is fixed to the value we measure. The resulting distribution of Ne is [50]
dPo (Ne) OC N- 4 dNe, (4.26)
where here the subscript "0" emphasizes that we have not yet accounted for all of the
selection effects. Eq. (4.26) is converted into a distribution of Q0 using Eq. (4.16),
which gives
dPo( ) 1 4 00oc 61.5 - - In Q0 - G (4.27)d InQ0 2 k fA
We now take into account the other selection effects, namely the effect of the
scale-factor measure over the multiverse and the effect of anthropic selection in favor
of structure formation. Let us first write the result in a somewhat cumbersome form,
in order to explain the various contributions, and then simplify it. The distribution
of Q0 can be written
dP(Q)oc lim etncdtnudin Q5 te-+oo 
_00
x e3(HT+Ne) sinh2  d
0E
x Fm (MG, X0) f (QG) - (4-28)
The integral on the second line is proportional to the total amount of matter on
the hypersurface Eo, given by Eq. (4.12), while the mass function Fm selects for the
fraction of matter than has collapsed into halos of mass MG. Collectively, these
terms are proportional to the number of observers like us in bubbles that nucleate
at scale-factor time tnuc (the dependence on tnuc is in the limit of integration (c, see
Eq. (4.10)). The first line of Eq. (4.28) integrates over all bubble nucleation times
tnuc, with the appropriate volume weighting coming from eternal inflation with the
scale-factor measure, see for example Eq. (2.16). This integration ignores the very
small probability that a given vacuum might decay during slow-roll inflation or big
bang evolution up to the hypersurface Eo. Finally, the last term in the last line of
Eq. (4.28) gives the distribution of Q' coming from the dependence on the number of
e-folds of slow-roll inflation, Eq. (4.27).
As explained in Section 4.1.2, we here use the mass function Fm instead of the
collapse fraction Fc because we are interested in making a prediction, so we include
as much relevant information as is practical - in this case that we live in a halo with
mass equal to that of the Milky Way. Thus, we set MG = 10 12Mo. Although the
difference between Fe and Fm is conceptually relevant, Fig. 4-3 indicates that the two
distrubutions differ at most by a factor of order unity, which does not significantly
affect the anthropic constraints. Similarly, we evaluate the mass function at the
present ratio of energy density in cosmological constant to that in matter, xo = 2.88.1
One might wonder how the prediction of Qk is affected if we do not so strongly
condition the calculation. We return to this question in Section 4.3.
To proceed, we first evaluate the inside integral over (. Note that all of the
dependence on ( is in the factor sinh2 (. The integration can be performed analytically,
sinh2  d( = sinh (2(c) - 2c, (4.29)
'We should include a time lapse Ar to allow for planet formation and biological evolution after
halo collapse. However, as mentioned in Section 4.1.2, this complicates the analysis but does not
significantly affect the results, so for simplicity we neglect it.
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Figure 4-4: The relevant portion of the distribution of Q0 (solid), along with a simple
approximation, Eq. (4.32) (dotted).
with 'c given by Eq. (4.10). It is convenient perform a variable redefinition,
Z tc - tnuc -HOTO -Ne - NO , (4.30)
and exchange integration over tinuc for integration over z. The integration over z
just gives a constant prefactor (here and below we use y 3). Dropping the other
constant factors, Eq. (4.28) becomes
dP(Qk) oc Fm(MG, X0 ) f(Qo) - (4-31)
d in Qn
Note that Eq. (4.31), which includes the effect of the scale-factor cutoff, is exactly
what one would naively expect if the issue of measure were ignored.
The distribution Eq. (4.31) is displayed (in part) in Fig. 4-4. Interestingly, the
distribution is quite flat all the way up to rather large values of Q0, falling off at Q0
0.6. We know from CMB measurements that Q0 < 0.013 [5] (for simplicity we take
this 95% confidence level to be a hard bound), so to produce the best prediction we
should cut the distribution at that value. The distribution in Fig. 4-4 is normalized as
if this cut were in place, and the small amplitude of the distribution (- 0.02) indicates
that it has broad support over values of Q' much smaller than those displayed in the
figure. This can also be seen by examining the approximation,
dP(Qo) F 1
~ 61.5--InQ . (4.32)dlnQ2 2 k
which (after proper normalization) is very accurate for small Q'. As another illus-
tration of how broad is the distribution, note that the median sits at about 10-16.5
(corresponding to about 80 e-folds of slow-roll inflation).
Because of the broad support of the distribution Eq. (4.32), it is most likely that
Q0 is dominated by cosmic variance - which is of order 10- 5 [80] - instead of the
relic contribution calculated above. Nevertheless, it is exciting that the distribution
of Q' leaves reasonable hope for future detection. In particular, there is a 6% chance
to measure Q > 10-3 , and an 11% chance to measure Q0 > 10-4 (both of these
percentiles are calculated using a distribution cut off at Q0 = 0.013). These results
are in agreement with the estimates made in Ref. [50].
Recall that our analysis guessed at certain cosmological parameters, for example
the reheating temperature, which was set at T, 10~4G-1/2 (c.f. the end of Sec-
tion 4.1.2). As a quick check of the effect of our guesses, consider a very different
guess at the reheating temperature, T, 10-16G-1/2 (corresponding to TeV-scale
reheating ). For simplicity we keep our other guesses fixed. In this case, the quantity
"123" appearing in Eq. (4.16) becomes about 68. Performing an analysis analogous
to that above, we find there is a 10% chance to measure Q0 > 10- 3, and an 18%
chance to measure Q0 2 10-4. Decreasing T, shifts the distribution of Qk toward
larger values, but apparently the effect is not very strong. The most important factor
determining our expectations for Qk is the distribution of Ne over the landscape.
4.3 Anthropic considerations and the "prior" dis-
tribution of Ne
The calculation of the last section was made in the spirit of a prediction, and as such
it was conditioned by certain details about our location in our universe, namely that
we inhabit a galaxy with Milky Way mass and perform our measurement at x0 = 2.88.
Taking a different perspective, we can ask under what conditions can the landscape
picture explain why the curvature is observed to be as small as it is, Q0 < 0.013.
In this case, we consider ourselves observers belonging to a more general reference
class, and ask what values of Qk typical observers in this reference class measure. We
consider here the more general reference class to be observers in bubbles with the
same low-energy physics as ours, the same value of the cosmological constant, and in
galaxies like the Milky Way, however these observers can arise at any time over the
course of bubble evolution.
To proceed in analogy to the calculation of Section 4.2 introduces a number of
unnecessary complications. Instead, we follow the methods introduced in Ref. [32].
Specifically, we take as our "reference objects" not entire bubbles, but small patches
of comoving volume, whose transverse boundaries are bubble walls (or the cutoff
hypersurface at scale-factor time tc). If these patches are sufficiently small in spacelike
extent, they may be chosen so that both scale-factor time t and proper time T are
nearly constant over slicings of the patch. These patches, like any reference object,
arise in the multiverse at a rate that scales like that of Eq. (2.16). Integrating over
these patches is equivalent to taking as the reference objects entire bubbles (cut off
at tc), and integrating over bubble nucleation times, as was done in Section 4.2.
The curvature parameter Qk is a function of the FRW proper time r inside each
bubble. Therefore, to calculate what values of Qk typical observers measure, one
must know the density of these observers as a function of time. Alternatively, one
can define a time-invariant quantity k, related to Qk, and count the total number of
observers inhabiting bubbles with different values of k. We use
S 3)1/
3
k = A Q2 (4.33)
which corresponds to the quantity k used in Eq. (4.22). Note that the observational
bound Q0 < 0.013 corresponds to k < 0.035 [5].
To begin the calculation, consider a spacetime volume that is bound from below by
a small patch of some bubble wall at scale-factor time tw. The number of observers in
this volume is proportional to the collapse fraction evaluated at a proper time cutoff
T, where T is defined by the relation
te - t = Ne + H(r) dr = Ne + In [ , (4.34)
where T, is (proper) time of reheating and Ne is the number of e-folds of expansion
between the bubble wall and reheating. As our notation indicates, we assume the lat-
ter expansion comes entirely from slow-roll inflation; i.e. we neglect the contribution
coming from the initial curvature-dominated phase.
The number of observers in such a patch can then be approximated as proportional
to
e3 Ne Fc(MG,rc), (4.35)
where the exponential gives the volume expansion factor coming from slow-roll infla-
tion, and the second term evaluates the collapse fraction at the proper time cutoff.
The collapse fraction counts matter collapsed into halos of mass MG or greater; how-
ever halos with mass greater than MG at time T had mass equal to MG at some
time -r < -r, so these halos contribute to our reference class. As we have already
noted, one might instead evaluate Fc at some time A-r before -r, in order to give
time for galaxies and observers to evolve between the time of collapse and the proper
time cutoff. However, including this effect significantly complicates the calculation,
whereas in Section 4.1.1 we found that it does not significantly affect the collapse
fraction. Therefore, we here neglect it.
Summing over all patches gives
d o(k) Cc lim f__e 3Ne+-ytwFc(MG, rc) (k) dtw, (4-36)
d ln k tc-oo f_'0c
where as before we have neglected the small probability that a given vacuum may
decay during slow-roll inflation or during big bang evolution. As was the case with
Eq. (4.28), the exponential dependence on Ne is an illusion. Note that the cutoff
-c corresponds to a cutoff xc, where as before x = pA/pm. Eq. (4.34) gives ln xc =
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Figure 4-5: The distribution dP(k)/dk; see the text for details. The present observa-
tionally acceptable region, k < 0.035, is indicated by shading.
3(tc - tw - Ne) + const, which can be used to change the variable of integration from
t, to xc. This gives
dP(k)
diln k 1 2 F(M,, xc) f(k) dxc, (4.37)
where we have used - 3. Note that the "prior" distribution f(k) factors out of the
integration.
The argument of Eq. (4.37) contains a factor of ze-2. This factor induces the
"youngness bias" of the scale-factor cutoff measure, which prefers bubbles that nu-
cleate nearer to the cutoff (for which xc is smaller). As shown in Ref. [321, this bias
is rather mild. It does not appear in the calculation of Section 4.2, c.f. Eq. (4.31),
because that calculation was performed at fixed x, x = x0.
Whereas f(Q0) of Eq. (4.31) corresponds to the distribution of Qk(x) at fixed
x = x0 , the function f(k) of Eq. (4.37) corresponds to the distribution of k, which is
independent of x. Using T oc 1 c x-1/ 3 and Eqs. (4.15) and (4.33), we find
k = e12 4 - 2 Ne, (4.38)
where the additional factors of QA and Qm essentially change the "123" of Eq. (4.16)
to "124." In the case dPo(Ne) oc N;-4 dNe, this gives the distribution
dPo (k) 1 ~i4f (k) kc 62 - -Ink . (4.39)d Ink 2
In Fig. 4-5 we display dP(k)/dk, using Eq. (4.37) with f(k) given by Eq. (4.39).
As in Fig. 4-4, we have cropped the figure to more clearly illustrate the region of
interest (the cropped portion very closely follows the distribution dPo(k)/dk). The
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Figure 4-6: The distribution dP(Ne)/dNe assuming a flat "prior" for Ne, i.e.
dP0 (Ne)/dNe = constant. The shaded regions correspond to the observatinal bound
k < 0.035, and a bound ten times larger, translated to number of e-folds.
observationally acceptable region, k < 0.035, is indicated by shading. Clearly, values
of k satisfying our observational bound are not atypical in the FKRMS landscape
model of inflation; in fact 93% of observers measure k to satisfy this bound.
Although typical observers measure k < 0.035, note that anthropic selection for
structure formation, which causes the distribution of k to fall off at large k, does not
select for values of k satisfying the observational bound much more strongly than it
selects for values, say, ten times larger. This is more clearly illustrated if we plot the
distribution dP(Ne)/dNe - i.e. the distribution of the observed number of e-folds N
- using a flat "prior" for Ne, in other words setting dP0 (Ne)/dNe = constant. This
is done in Fig. 4-6. The observational bound on k, and a bound ten times larger, are
converted to e-folds of inflation and represented by the shaded regions.
A flat prior for Ne is unrealistic, but it serves to illustrate the effect of anthropic
selection. As expected, the distribution of Ne is exponentially suppressed for small
values of Ne, where Fig. 4-6 reveals that in this context "small" means Ne < 61.
The present observational bound, k < 0.035, corresponds to Ne ;> 63.7. Although
the lower limit of this bound is not much larger than the anthropic cutoff at Ne a
61, k depends exponentially on Ne, and we can see from Fig. 4-6 that values of k
over ten times larger than the present bound are not strongly suppressed. This, in
principle, allows us to exclude hypothetical landscape models of inflation, based on
their predicting k to be larger than the observational bound.
In particular, if a hypothetical model of inflation in the landscape predicts a
distribution of Ne that too strongly prefers smaller values of Ne, then it is possible
for us to exclude this model based on the measurement k < 0.035. This is enticing
because models of inflation in string theory tend to prefer a smaller number of e-folds
of slow-roll inflation. On the other hand, it is important to recognize that in order
to exclude a landscape model of inflation, we require a certain "fortuitous" shape to
the "prior" distribution dPo(Ne)/dN. For example, many classes of potentials will
strongly prefer smaller values of Ne when Ne is small, but this region of the parameter
space is not relevant to our observations, because values Ne < 61 are exponentially
suppressed and do not contribute to the full distribution dP(Ne)/dNe.
Let us illustrate this with an example. Consider a landscape model of inflation
that predicts a power-law prior distribution of Ne,
dPo(Ne) oc Ne-"dNe . (4.40)
According to our assumptions, such a distribution is ruled out at greater than 95%
confidence level when fo3 - (dP(k)/dk) dk < 0.025, where dP(k)/dk is here presumed
to be normalized to unity. Performing the calculation, we find a > 114 is ruled out.
That only such a strong power-law dependence can be ruled out may be striking, but
it is easy to understand in light of our above remarks. The observationally excluded
region is, roughly speaking, Ne < 64; however anthropic selection suppresses all
contributions from the interval Ne < 61. Therefore a landscape model of inflation
is ruled out only if the prior distribution dPo(Ne)/dNe has much more weight in the
interval 61 < Ne < 64 than in the interval 64 < Ne. In the context of the power-law
distribution of Eq.(4.40), we require
64-f 6 1 Ne-dNe 3(a - 1)
1< ~4 .eid e 6 (4.41)f64 N;"dNe 64
Thus, roughly speaking, we expect to rule out power-law distributions only if a > 20.
The large power is explained by the fact that the prior distribution must have sharp
behavior at large values of Ne.
Although it is hard to imagine how a landscape model of inflation could give such
a strong power-law prior distribution of Ne, it is not implausible that a more realistic
model of inflation, which could give a much more complicated prior distribution of
Ne, could have the necessary sharp behavior at large Ne. Let us note, for instance,
that potential energy barriers - as are necessary in the bubble-nucleation model we
are considering - will give a sharp cutoff at large Ne.
Finally, we emphasize that the above analysis, which refers specifically to numbers
like Ne = 63.7, etc., relies implicitly on a number of assumptions in addition to the
form of the prior distribution of Ne, for example the reheating temperature. These are
described at the end of Section 4.1.1. Yet, different assumptions would merely shift
the specific values of Ne mentioned above, and our conclusions would be unchanged.
4.4 The distribution of Qk using the "local" scale-
factor cutoff measure
We here repeat the analysis of Sections 4.2 and 4.3, but performing a cutoff on the
"local" scale-factor time t' (see Section 2.2.1), where we use the prime to help distin-
guish the results here from those of the "FRW" scale-factor time t. It is convenient to
approach the problem in the manner of Section 4.3; that is we take as our reference
objects small patches of comoving volume, with transverse boundaries corresponding
to bubble walls (or the scale-factor cutoff hypersurface at t'). Again, if these patches
are sufficiently small in their spacelike extent, the scale-factor time t' and the proper
time r are nearly constant over spacelike slicings of the patches. Analogous to in
Section 4.3, if we label each patch by the scale-factor time of reheating in the patch,
t', then such patches arise in the multiverse at a rate proportional to e^".
The scale-factor time t' probes expansion on infinitesimal scales. However, we
take the number of observers to be proportional to the number of Milky Way-like
galaxies, and we model such galaxies using spherical top-hat overdensities with mass
MG = 101MO, so there is no need to probe scales smaller than the comoving volume
that encloses mass MG. 2 The probability that a comoving patch enclosing mass MG
contains an observer is then proportional to the probability that such a patch begins
to collapse before the scale-factor time cutoff t'. (Recall that we have defined the
scale factor cutoff such that geodesics in collapsing regions are extended unless or
until they hit a singularity.) This probability can be parametrized in terms of the
spacetime curvature of the patch at, say, the reheating time t'.
By Birkhoff's theorem, the evolution of a comoving patch enclosing a spherical
top-hat overdensity is equivalent to that of a closed FRW universe with field equation
(y/3y) 2 = Hj(1+ y- -1 y- 2/3). (4.42)
The "local scale factor cube root" y is defined so as to coincide with the "bubble
scale factor cube root" x of Eq. (4.22) (c.f. Eq. (4.20)) at early times. The total
spacetime curvature , is the sum of the bubble curvature k (coming from the global
bubble geometry) and the primordial curvature perturbation R (coming from quan-
tum fluctuations during inflation). We define R to be positive for overdensities, so
that
n=R - k . (4.43)
The spherical overdensity will turn around and begin to collapse before the scale-
factor time cutoff t' only if the curvature exceeds some minimum value 'mn(t', t'.
For a bubble with given value of k, the probability for this to occur is
A(k;t'et',) oc 0exp - dn
J min . rms .
2Realistically, structure formation is hierarchical: small scales turn around and collapse before
larger scales. When the region surrounding a given geodesic collapses, its scale-factor time becomes
frozen. Thus, it would seem we cannot ignore structure formation on such small scales. However,
whether or not any observers arise in some small collapsed structure depends on whether that
structure combines with others to form a larger structure - ultimately a large galaxy. We model the
requirement that small structures coalesce into larger ones as equivalent to requiring that structure
formation occurs on the largest necessary scale, using a spherical top-hot model for the initial
overdensity.
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Figure 4-7: The distribution dP(k)/dk using scale-factor times t' (solid) and t
(dashed); see text for details. The normalizations are chosen for clear comparison,
while the shaded region indicates the observed bound k < 0.035.
Lmin(t', t,) + k
oc erfc \v7Zrms (4.44)
where we assume R has a Gaussian distribution with rms value Rrms. As our notation
suggests, A can be interpreted as an anthropic factor, giving the probability that a
given patch contains an observer. The probability to observe a given value of k is
thus
dP(k) t~
c lim A(k; t', t') f(k) e-Y *dt', (4.45)dln k t'c-oo _ C
where, as in Eq. (4.39), f(k) is the (logarithmic) distribution of k among universes
with big bang evolution like ours, and e7*E is proportional to the number of patches
at scale-factor time t',.
It is left to solve for rzmin(t', t'). First note that a spherical overdensity described by
Eq. (4.42) turns around and begins to collapse when y = 0, or when 1+y--1-r y-2/3
0. Thus we can write
K(Yturn) = ytu/ 3 (1 + Yturn) . (4.46)
Meanwhile, Kmin is simply the value of K for which t' - t' = (1/3)In(yturn/y*), where
y, is the local scale factor at the time of reheating. (Here we use the definition of
scale-factor time, t' = In a, along with y oc ai/ 3 .) Thus we can write
Kmin(t', t') = y;1/3et- 4 1 + y*e 3(t't)]. (4.47)
The distribution of observed values of the bubble curvature k is obtained by
combining Eq. (4.45) with Eq. (4.44) and Eq. (4.47). The resulting expression is
simplified if we change the integration variable from t' to Yturn = yi/3et . Then we
can write
dP(k) 1i+ kyur+ urn 1 f(k)d koc erfc I kytRrm Yturn f Yk) dyturn , (4.48)d ln k , _ Rrms Yturn .yturn
where we have used -y = 3. It makes no difference if we simply set y, -> 0 in the lower
limit of integration. This expression corresponds to the analogue of Eq. (4.37), but
for the local scale-factor time t', as opposed to the FRW scale-factor time t. lrms is
the rms primordial curvature perturbation on comoving scales enclosing mass MG -
it is related to, say, the rms density contrast Urms by
lrms = (5/3)Urms(MG, TF) XF1 / 3  (4.49)
where the quantities on the right-hand side are evaluated at some fiducial time rF
during matter domination, i.e. before vacuum energy or curvature become significant.
(This relation is obtained from matching the linearized Einstein field equation onto
Eq. (4.42).)
Fig. 4-7 displays dP(k)/d ln k using the scale-factor cutoff measure for both scale-
factor time t' and scale-factor time t. We use Eq. (4.39) to determine f(k) for clear
comparison, and the shaded region indicates the bound k < 0.035. As advertised
in the introduction, the two definitions of scale-factor time give qualitatively similar
results, however the anthropic suppression of large values of k kicks in at larger k when
using the locally-defined scale-factor time t'. The two distributions are very similar
for k less than the observed bound, indicating that the predictions of Section 4.2 are
essentially unchanged when using the local scale-factor time. On the other hand, since
the local scale-factor time measure permits larger values of k before strong anthropic
suppression, if this is the correct measure then it would be somewhat easier (than
indicated in Section 4.3) to rule out landscape models of inflation that prefer smaller
values of Ne.
4.5 Conclusions
In this Chapter we have studied the distribution of the curvature parameter Qk using
the the scale-factor cutoff measure of the multiverse.
In a large landscape, the vacuum of our bubble might be reached by tunneling
from a number of different "parent" vacua. Then, depending on in which parent
vacuum our bubble nucleates, we in general expect different early universe dynamics,
including different possibilities for the number of e-folds of slow-roll inflation Ne. In a
very large landscape, as is expected from string theory, we also expect a large number
of vacua with low-energy physics indistinguishable from our own. In this case, one
expects a smooth distribution of possible values of Ne describing our bubble. One of
the features of the scale-factor cutoff measure is that it does not reward bubbles for
having a longer duration of slow-roll inflation. This raises the possibility that Ne may
not be too much larger than is needed to pave the way for structure formation, and
therefore that Q' may be large enough to distinguish from the value expected from
cosmic variance, ~ 10-5.
Freivogel, Kleban, Rodriguez Martinez, and Susskind (FKRMS) have proposed a
toy model of inflation in the landscape, which gives a "prior" distribution of Ne of
the form dPo(Ne) oc Ne-4 dNe (on the slice of the parameter space corresponding to a
fixed primordial density contrast Q). Using the scale-factor cutoff measure, we find
this distribution predicts a 6% chance to observe Q0 > 10~3, and an 11% chance to
observe -% 2 10 4 , thus confirming the results of FKRMS [50].
Although in the FKRMS model of inflation in the landscape observers typically
measure k = (Q/QAQ2 )1/ 3 to satisfy our observational bound, k < 0.035, an-
thropic selection does not strongly suppress values of k over ten times larger than
this (when asking what typical observers measure, it is convenient to refer to the
time-independent curvature term k rather than the time-dependent curvature pa-
rameter Qk). Thus, we may use the observed bound on k to rule out hypothetical
landscape models of inflation that too strongly prefer smaller values of Ne.
Anthropic selection is not strong in the vicinity of the observational bound k <
0.035, however sufficiently large values of k are strongly suppressed. Put in another
way, with some assumptions about inflation k < 0.035 corresponds to Ne 2 63.7.
Anthropic selection is not strong in the vicinity of Ne = 63.7, but exponentially
suppresses Ne < 61. This is to say a hypothetical model of inflation that very strongly
prefers smaller values of Ne for Ne < 61 does not conflict with our observational
bound, since this range of Ne is strongly anthropically suppressed. On the other
hand, if a hypothetical model of inflation gives a prior distribution of Ne that strongly
prefers Ne in the interval 61 ; Ne < 63.7, relative to it being in the interval 63.7 < Ne,
then such a model can be ruled out using our observational bound.
Chapter 5
The Boltzmann Brain problem
The simplest interpretation of the observed accelerating expansion of the universe is
that it is driven by a constant vacuum energy density pA, which is about three times
greater than the present density of nonrelativistic matter. While ordinary matter
becomes more dilute as the universe expands, the vacuum energy density remains the
same, and in another ten billion years or so the universe will be completely dominated
by vacuum energy. The subsequent evolution of the universe is accurately described
as de Sitter space.
It was shown by Gibbons and Hawking [85} that an observer in de Sitter space
would detect thermal radiation with a characteristic temperature Tds = HA/27r, where
87r
HA = GpA (5.1)3
is the de Sitter Hubble expansion rate. For the observed value of PA, the de Sitter
temperature is extremely low, Tds = 2.3 x 10-0 K. Nevertheless, complex structures
will occasionally emerge from the vacuum as quantum fluctuations, at a small but
nonzero rate per unit spacetime volume. An intelligent observer, like a human, could
be one such structure. Or, short of a complete observer, a disembodied brain may
fluctuate into existence, with a pattern of neuron firings creating a perception of being
on Earth and, for example, observing the cosmic microwave background radiation.
Such freak observers are collectively referred to as "Boltzmann brains" [35, 361. Of
course, the nucleation rate FBB of Boltzmann brains is extremely small, its magnitude
depending on how one defines a Boltzmann brain. The important point, however, is
that FBB is always nonzero.
De Sitter space is eternal to the future. Thus, if the accelerating expansion of
the universe is truly driven by the energy density of a stable vacuum state, then
Boltzmann brains will eventually outnumber normal observers, no matter how small
the value of EBB [86, 38, 39, 40, 41] might be.
To define the problem more precisely, we use the term "normal observers" to refer
to those that evolve as a result of non-equilibrium processes that occur in the wake
of the hot big bang. If our universe is approaching a stable de Sitter spacetime, then
the total number of normal observers that will ever exist in a fixed comoving volume
of the universe is finite. On the other hand, the cumulative number of Boltzmann
brains grows without bound over time, growing roughly as the volume, proportional to
e3 HAt. When extracting the predictions of this theory, such an infinite preponderance
of Boltzmann brains cannot be ignored.
For example, suppose that some normal observer, at some moment in her lifetime,
tries to make a prediction about her next observation. According to the theory there
would be an infinite number of Boltzmann brains, distributed throughout the space-
time, that would happen to share exactly all her memories and thought processes at
that moment. Since all her knowledge is shared with this set of Boltzmann brains,
for all she knows she could equally likely be any member of the set. The probability
that she is a normal observer is then arbitrarily small, and all predictions would be
based on the proposition that she is a Boltzmann brain. The theory would predict,
therefore, that the next observations that she shall make, if she survives to make any
at all, shall be totally incoherent, with no logical relationship to the world that she
thought she knew. (While it is of course true that some Boltzmann brains might
experience coherent observations, for example by living in a Boltzmann solar system,
it is easy to show that Boltzmann brains with such dressing would be vastly outnum-
bered by Boltzmann brains without any coherent environment.) Thus, the continued
orderliness of the world that we observe is distinctly at odds with the predictions of
a Boltzmann-brain-dominated cosmology. 1
This problem was recently addressed by Page [40], who concluded that the least
unattractive way to produce more normal observers than Boltzmann brains is to
require that our vacuum should be rather unstable. More specifically, it should decay
within a few Hubble times of vacuum energy domination; that is, in 20 billion years
or so.
In the context of inflationary cosmology, however, this problem acquires a new
twist. Inflation is generically eternal, with the physical volume of false-vacuum in-
flating regions increasing exponentially with time and "pocket universes" like ours
constantly nucleating out of the false vacuum. In an eternally inflating multiverse,
the numbers of normal observers and Boltzmann brains produced over the course of
eternal inflation are both infinite. They can be meaningfully compared only after one
adopts some prescription to regulate the infinities.
The problem of regulating the infinities in an eternally inflating multiverse is
known as the measure problem [87], and has been under discussion for some time. It
is crucially important in discussing predictions for any kind of observation. A number
of measures have been proposed [88, 7, 8, 9, 10, 11, 89, 90, 12, 13, 14, 15, 16, 17, 20,
21, 91], and some of them have already been disqualified, as they make predictions
'Here we are taking a completely mechanistic view of the brain, treating it essentially as a highly
sophisticated computer. Thus, the normal observer and the Boltzmann brains can be thought of as
a set of logically equivalent computers running the same program with the same data, and hence
they behave identically until they are affected by further input, which might be different. Since the
computer program cannot determine whether it is running inside the brain of one of the normal
observers or one of the Boltzmann brains, any intelligent probabilistic prediction that the program
makes about the next observation would be based on the assumption that it is equally likely to be
running on any member of that set.
that conflict with observations.
In particular, if one uses the proper-time cutoff measure [88, 7, 8, 9, 10], one
encounters the "youngness paradox," predicting that humans should have evolved at
a very early cosmic time, when the conditions for life were rather hostile [92]. The
youngness problem, as well as the Boltzmann brain problem, can be avoided in the
stationary measure [90, 91], which is an improved version of the proper-time cutoff
measure. However, the stationary measure, as well as the pocket-based measure, is
afflicted with a runaway problem, suggesting that we should observe extreme values
(either very small or very large) of the primordial density contrast Q [27, 28] and
the gravitational constant G [29], while these parameters appear to sit comfortably
in the middle of their respective anthropic ranges [30, 29]. Some suggestions to
get around this issue have been described in Refs. [93, 28, 94, 31]. In addition,
the pocket-based measure seems to suffer from the Boltzmann brain problem. The
comoving coordinate measure [95, 88] and the causal-patch measures [16, 17] are free
from these problems, but have an unattractive feature of depending sensitively on
the initial state of the multiverse. This does not seem to mix well with the attractor
nature of eternal inflation: the asymptotic late-time evolution of an eternally inflating
universe is independent of the starting point, so it seems appealing for the measure to
maintain this property. Since the scale-factor cutoff measure 2 [7, 8, 9, 11, 89, 96] has
been shown to be free of all of the above issues [32], we consider it to be a promising
candidate for the measure of the multiverse.
As we have indicated, the relative abundance of normal observers and Boltzmann
brains depends on the choice of measure over the multiverse. This means the predicted
ratio of Boltzmann brains to normal observers can be used as yet another criterion
to evaluate a prescription to regulate the diverging volume of the multiverse: regu-
lators that predict normal observers are greatly outnumbered by Boltzmann brains
should be ruled out. This criterion has been studied in the context of several mul-
tiverse measures, including a causal patch measure [41], several measures associated
with globally defined time coordinates [89, 97, 90, 26, 91], and the pocket-based mea-
sure [98]. In this work, we apply this criterion to the scale-factor cutoff measure,
extending the investigation that was initiated in Ref. [89]. We show that the scale-
factor cutoff measure gives a finite ratio of Boltzmann brains to normal observers; if
certain assumptions about the landscape are valid, the ratio can be small.3
The remainder of this Chapter is organized as follows. In Section 5.1 we calculate
the ratio of Boltzmann brains to normal observers in terms of multiverse volume frac-
tions and transition rates. The volume fractions are discussed in Section 5.2, in the
context of toy landscapes, and the section ends with a general description of the con-
2This measure is sometimes referred to as the volume-weighted scale-factor cutoff measure, but
we shall define it below in terms of the counting of events in spacetime, so the concept of weighting
will not be relevant. The term "volume-weighted" is relevant when a measure is described as a
prescription for defining the probability distribution for the value of a field. In Ref. [89], this
measure is called the "pseudo-comoving volume-weighted measure."
3 1n a paper that appeared simultaneously with version 1 [34], Raphael Bousso, Ben Freivogel,
and I-Sheng Yang independently analyzed the Boltzmann brain problem for the scale-factor cutoff
measure [33].
ditions necessary to avoid Boltzmann brain domination. The rate of Boltzmann brain
production and the rate of vacuum decay play central roles in our calculations, and
these are estimated in Section 5.3. Concluding remarks are provided in Section 5.4.
5.1 The abundance of normal observers and Boltz-
mann brains
Let us now calculate the relative abundances of Boltzmann brains and normal ob-
servers, in terms of the vacuum transition rates and the asymptotic volume fractions.
Estimates for the numerical values of the Boltzmann brain nucleation rates and
vacuum decay rates will be discussed in Section 5.3, but it is important at this stage
to be aware of the kind of numbers that will be considered. We shall be able to give
only rough estimates of these rates, but the numbers that will be mentioned in Section
5.3 will range from exp (-10120) to exp (-1016). Thus, when we calculate the ratio
NBB/JNNO of Boltzmann brains to normal observers, the natural logarithm of this
ratio will always include one term with a magnitude of at least 1016. Consequently,
the presence or absence of any term in ln(KBB/N\/NO) that is small compared to 1016
is of no relevance. We therefore refer to any factor f for which
IlnfI < 1014 (5.2)
as "roughly of order one." In the calculation of jNBB/NNO such factors - although
they may be minuscule or colossal by ordinary standards - can be ignored. It
will not be necessary to keep track of factors of 2, 7r, or even 10108. Dimensionless
coefficients, factors of H, and factors coming from detailed aspects of the geometry
are unimportant, and in the end all of these will be ignored. We nonetheless include
some of these factors in the intermediate steps below simply to provide a clearer
description of the calculation.
We begin by estimating the number of normal observers that will be counted in
the sample spacetime region specified by the scale-factor cutoff measure. Normal
observers arise during the big bang evolution in the aftermath of slow-roll inflation
and reheating. The details of this evolution depend not only on the vacuum of the
pocket in question, but also on the parent vacuum from which it nucleated [99]. That
is, if we view each vacuum as a local minimum in a multidimensional field space,
then the dynamics of inflation in general depend on the direction from which the field
tunneled into the local minimum. We therefore label pockets with two indices, ik,
indicating the pocket and parent vacua respectively.
To begin, we restrict our attention to a single "anthropic" pocket - i.e., one that
produces normal observers - which nucleates at scale-factor time inuc. The internal
geometry of the pocket is that of an open FRW universe. We assume that, after a brief
curvature-dominated period AT - H 1 , slow-roll inflation inside the pocket gives Ne
e-folds of expansion before thermalization. Furthermore, we assume that all normal
observers arise at a fixed number No of e-folds of expansion after thermalization.
(Note that Ne and No are both measured along FRW comoving geodesics inside the
pocket, which do not initially coincide with, but rapidly asymptote to, the "global"
geodesic congruence that originated outside the pocket.) We denote the fixed-internal-
time hypersurface on which normal observers arise by ENO, and call the average
density of observers on this hypersurface nNO.
The hypersurface ENO would have infinite volume, due to the constant expansion
of the pocket, but this divergence is regulated by the scale-factor cutoff tc, because
the global scale-factor time t is not constant over the ENO hypersurface. For the
pocket described above, the regulated physical volume of ENO can be written as
Vo i)(tnuc) H 3(NNo) w(t tnu - Ne - No), (5.3)
where the exponential gives the volume expansion factor coming from slow-roll infla-
tion and big bang evolution to the hypersurface ENO, and Hj 3 w(tc - tnuc - Ne - No)
describes the comoving volume of the part of the ENO hypersurface that is underneath
the cutoff. The function w(t) was calculated, for example, in Refs. [46] and [26], and
is applied to scale-factor cutoff measure in Ref. [34]. Its detailed form will not be
needed to determine the answer up to a factor that is roughly of order one, but to
avoid mystery we mention that w(t) can be written as
w(t) = sinh2 () d( = [sinh(2 (t)) - 2 (t)] , (5.4)
2 0 8
where ((tc -tnc - Ne - No) is the maximum value of the Robertson-Walker radial
coordinate ( that lies under the cutoff. If the pocket universe begins with a moderate
period of inflation (exp(Ne) > 1) with the same vacuum energy as outside, then
((t) _ 2 cosh- 1 (et/ 2) . (5.5)
Eq. (5.3) gives the physical volume on the ENO hypersurface for a single pocket
of type ik, which nucleates at time tauc. The number of ik-pockets that nucleate
between time inuc and tnuc + dtnuc is
dn )(tnue) = (3/4,r)H Ki3Vk(tnuc)dn
(3/47r)H3iksk Vo e(3-q)"" dtnuc , (5.6)
where we use Eq. (2.16) to give Vk(tnuc). The total number of normal observers in
the sample region is then
No = nio te Ne-N (nuc) t uc nuc)
p00
n 0ikskVe (3-q)tc w(z)e-( 3 -q)z dz. (5.7)
In the first expression we have ignored the (very small) probability that pockets of type
ik may transition to other vacua during slow-roll inflation or during the subsequent
period No of big bang evolution. In the second line, we have changed the integration
variable to z = tc - tnuc - Nc - No (reversing the direction of integration) and have
dropped the 0(1) prefactors, and also the factor eq(Ne+No), since q is expected to be
extraordinarily small. We have kept e-4q, since we are interested in the limit tc -+ oc.
We have also kept the factor qz long enough to verify that the integral converges with
or without the factor, so we can carry out the integral using the approximation q _ 0,
resulting in an 0(1) prefactor that we shall drop.
Finally,
A iNo kik sk V0 e(3q) tc (5.8)
Note that the expansion factor e3(Ne+No) in Eq. (5.3) was canceled when we integrated
over nucleation times, illustrating the mild youngness bias of the scale-factor cutoff
measure. The expansion of the universe is canceled, so objects that form at a certain
density per physical volume in the early universe will have the same weight as objects
that form at the same density per physical volume at a later time, despite the naive
expectation that there is more volume at later times.
To compare, we now need to calculate the number of Boltzmann brains that will
be counted in the sample spacetime region. Boltzmann brains can be produced in any
anthropic vacuum, and presumably in many non-anthropic vacua as well. Suppose
Boltzmann brains are produced in vacuum j at a rate P1 B per unit spacetime volume.
The number of Boltzmann brains N7B is then proportional to the total four-volume
in that vacuum. Imposing the cutoff at scale-factor time tc, this four-volume is
(V(t) d = H1 Vj(t) dt
1
= HTsJ Vo e(3q) , (5.9)
3 - q
where we have used Eq. (2.16) for the asymptotic volume fraction. By setting dr =
H71 dt, we have ignored the time-dependence of H(r) in the earlier stages of cosmic
evolution, assuming that only the late-time de Sitter evolution is relevant. In a similar
spirit, we shall assume that the Boltzmann brain nucleation rate r B can be treated
as time-independent, so the total number of Boltzmann brains nucleated in vacua of
type j, within the sample volume, is given by
NfABB - FBHj--sjV0 (3-)*, (5.10)
where we have dropped the 0(1) numerical factor.
For completeness, we may want to consider the effects of early universe evolu-
tion on Boltzmann brain production, effects which were ignored in Eq. (5.10). We
shall separate the effects into two categories: the effects of slow-roll inflation at the
beginning of a pocket universe, and the effects of reheating.
To account for the effects of slow-roll inflation, we argue that, within the approx-
imations used here, there is no need for an extra calculation. Consider, for example,
a pocket universe A which begins with a period of slow-roll inflation during which
H(T) Hsio, roll = const. Consider also a pocket universe B, which throughout its
evolution has H = Ho, roll, and which by hypothesis has the same formation rate,
Boltzmann brain nucleation rate, and decay rates as pocket A. Then clearly the
number of Boltzmann brains formed in the slow roll phase of pocket A will be smaller
than the number formed throughout the lifetime of pocket B. Since we shall require
that generic bubbles of type B do not overproduce Boltzmann brains, there will be
no need to worry about the slow-roll phase of bubbles of type A.
To estimate how many Boltzmann brains might form as a consequence of re-
heating, we can make use of the calculation for the production of normal observers
described above. We can assume that the Boltzmann brain nucleation rate has a
spike in the vicinity of some particular hypersurface in the early universe, peaking at
some value r eBeatik which persists roughly for some time interval Arr~atik, produc-
ing a density of Boltzmann brains equal to ireheat,ik Areheatik* This spatial density is
converted into a total number for the sample volume in exactly the same way that
we did for normal observers, leading to
AgBB~reheat , BB T BBV (5.11)tNBB reheat rreheat,ik reheat,ik Kik Sk 0 e (5.11)
Thus, the dominance of normal observers is assured if
Z reheat,ik Treheat,ikikik Sk <S nik ik Sk (5.12)
i,k i,k
If Eq. (5.12) did not hold, it seems likely that we would suffer from Boltzmann brain
problems regardless of our measure. We leave numerical estimates for Section 5.3,
but we shall see that Boltzmann brain production during reheating is not a danger.
Ignoring the Boltzmann brains that form during reheating, the ratio of Boltzmann
brains to normal observers can be found by combining Eqs. (5.8) and (5.10), giving
NrBB . H3 BB Z ~rVBsj (5.13)
ANO (i,k fikik Sk
where the summation in the numerator covers only the vacua in which Boltzmann
brains can arise, the summation over i in the denominator covers only anthropic
vacua, and the summation over k includes all of their possible parent vacua. KBB is
the dimensionless Boltzmann brain nucleation rate in vacuum j, related to p B by
Eq. (2.8). The expression can be further simplified by dropping the factors of H, and
nNO which are roughly of order one, as defined by Eq. (5.2). We can also replace
the sum over j in the numerator by the maximum over j, since the sum is at least as
large as the maximum term and no larger than the maximum term times the number
of vacua. Since the number of vacua (perhaps 10500) is roughly of order one, the
sum over j is equal to the maximum up to a factor that is roughly of order one. We
similarly replace the sum over i in the denominator by its maximum, but we choose
to leave the sum over k. Thus we can write
NVBB maxj BB Sj
Sm}(5.14)NINO maxi {Ek ik Skj
where the sets of j and i are restricted as for Eq. (5.13).
In dropping ni , we are assuming that ni 0 Hj is roughly of order one, as defined
at the beginning of this section. It is hard to know what a realistic value for n 0Hi
might be, as the evolution of normal observers may require some highly improbable
events. For example, it was argued in Ref. [100] that the probability for life to evolve
in a region of the size of our observable universe per Hubble time may be as low as
~ 10-1000. But even the most pessimistic estimates cannot compete with the small
numbers appearing in estimates of the Boltzmann brain nucleation rate, and hence
by our definition they are roughly of order one. Nonetheless, it is possible to imagine
vacua for which pNO might be negligibly small, but still nonzero. We shall ignore the
normal observers in these vacua; for the remainder of this Chapter we shall use the
phrase "anthropic vacuum" to refer only to those vacua for which nN0 Hi is roughly
of order one.
For any landscape that satisfies Eq. (2.9), which includes any irreducible land-
scape, Eq. (5.14) can be simplified by using Eq. (2.10):
NrBB I BCmaxj{,-3Bj j(5.15)
NNO maxif (rj - q) s}
where the numerator is maximized over all vacua j that support Boltzmann brains,
and the denominator is maximized over all anthropic vacua i.
In order to learn more about the ratio of Boltzmann brains to normal observers,
we need to learn more about the volume fractions s3, a topic that will be pursued in
the next section.
5.2 Toy landscapes and the general conditions to
avoid Boltzmann brain domination
In this section we study a number of simple models of the landscape, in order to build
intuition for the volume fractions that appear in Eqs. (5.14) and (5.15). The reader
uninterested in the details may skip the pedagogical examples given in Subsections
5.2.1-5.2.5, and continue with Subsection 5.2.6, where we state the general conditions
that must be enforced in order to avoid Boltzmann brain domination.
5.2.1 The FIB landscape
Let us first consider a very simple model of the landscape, described by the schematic
F --+ I -B, (5.16)
where F is a high-energy false vacuum, I is a positive-energy anthropic vacuum, and
B is a terminal vacuum. This model, which we call the FIB landscape, was analyzed
in Ref. [14] and was discussed in relation to the abundance of Boltzmann brains in
Ref. [89]. As in Ref. [891, we assume that both Boltzmann brains and normal observers
reside only in vacuum I.
Note that the FIB landscape ignores upward transitions from I to F. The model
is constructed in this way as an initial first step, and also in order to more clearly
relate our analysis to that of Ref. [89]. Although the rate of upward transitions is
exponentially suppressed relative the other rates, its inclusion is important for the ir-
reducibility of the landscape, and hence the nondegeneracy of the dominant eigenvalue
and the independence of the late-time asymptotic behavior from the initial conditions
of the multiverse. The results of this subsection will therefore not always conform to
the expectations outlined in Section 2.2.1, but this shortcoming is corrected in the
next subsection and all subsequent work in this Chapter.
We are interested in the eigenvectors and eigenvalues of the rate equation, Eq.
(2.6). In the FIB landscape the rate equation gives
fF = IFfFfF -IFIF(5.17)
|1 =-NBIfI +-KIFfF-
We ignore the volume fraction in the terminal vacuum as it is not relevant to our
analysis. Starting with the ansatz,
f(t) = se- (5.18)
we find two eigenvalues of Eqs. (5.17). These are, with their corresponding eigenvec-
tors,
q1= KIF, s1 =(1,C) (5.19)
q2 =-BI, S2 = ( 1),
where the eigenvectors are written in the basis s (SF, sI) and
C= -IF (5.20)
KBI - KIF
Suppose that we start in the false vacuum F at t = 0, i.e. f(t = 0) = (1, 0). Then
the solution of the FIB rate equation, Eq. (5.17), is
fF(t) 
= e-~KF(
f1 (t) = C (e-KIFt - e-KBIt
The asymptotic evolution depends on whether KIF < KBI (case I) or not (case II). In
case I,
f(t -+ oo) = sle-KIFt (KIF < K1BI), (5.22)
where si is given in Eq. (5.19), while in case II
f(t -+ c) - (e-KIFt , ICICKBIt) (tBI < KIF). (5.23)
In the latter case, the inequality of the rates of decay for the two volume fractions
arises from the reducibility of the FIB landscape, stemming from our ignoring upward
transitions from I to F.
For case I (KIF < KBI), we find the ratio of Boltzmann brains to normal observers
by evaluating Eq. (5.14) for the asymptotic behavior described by Eq. (5.22):
NBB KBBSI KBB KIF KBB
~ -_ ~ - - (5.24)
AfNO KIFSF IIF KBI - KIF KBI
where we drop rIF compared to KBI in the denominator, as we are only interested in
the overall scale of the solution. We find that the ratio of Boltzmann brains to normal
observers is finite, depending on the relative rate of Boltzmann brain production to
the rate of decay of vacuum I. Meanwhile, in case II (where KBI < /IF) we find
~BB BB e(KIF-KBI)t 
- 00. (5.25)
NNO KIF
In this situation, the number of Boltzmann brains overwhelms the number of normal
observers; in fact the ratio diverges with time.
The unfavorable result of case II stems from the fact that, in this case, the volume
of vacuum I grows faster than that of vacuum F. Most of this I-volume is in large
pockets that formed very early; and this volume dominates because the F-vacuum
decays faster than I, and is not replenished due to the absence of upward transitions.
This leads to Boltzmann brain domination, in agreement with the conclusion reached
in Ref. [891. Thus, the FIB landscape analysis suggests that Boltzmann brain domi-
nation can be avoided only if the decay rate of the anthropic vacuum is larger than
both the decay rate of its parent false vacuum F and the rate of Boltzmann brain
production. Moreover, the FIB analysis suggests that Boltzmann brain domination
in the multiverse can be avoided only if the first of these conditions is satisfied for
all vacua in which Boltzmann brains exist. This is a very stringent requirement,
since low-energy vacua like I typically have lower decay rates than high-energy vacua
(see Section 5.3). We shall see, however, that the above conditions are substantially
relaxed in more realistic landscape models.
5.2.2 The FIB landscape with recycling
The FIB landscape of the preceding section is reducible, since vacuum F cannot
be reached from vacuum I. We can make it irreducible by simply allowing upward
transitions,
F <-+ I -+ B. (5.26)
This "recycling FIB" landscape is more realistic than the original FIB landscape,
because upward transitions out of positive-energy vacua are allowed in semi-classical
quantum gravity [44]. The rate equation of the recycling FIB landscape gives the
eigenvalue system,
-qsF -IFSF + FISI, (5.27)
-qs = -I1SI + KIFSF,
where I, =+ KBI + FI is the total decay rate of vacuum I, as defined in Eq. (2.11).
Thus, the eigenvalues qi and q2 correspond to the roots of
(KIF - q -KI ~ q) = KIF KFI . (5.28)
Further analysis is simplified if we note that upward transitions from low-energy
vacua like ours are very strongly suppressed, even when compared to the other expo-
nentially suppressed transition rates, i.e. KFI < KIF, KBI. We are interested mostly
in how this small correction modifies the dominant eigenvector in the case where
KBI < r-IF (case II), which led to an infinite ratio of Boltzmann brains to normal
observers. To the lowest order in KFI, we find
K'IF FI
q K-I - , (5.29)
KIF - KI
and
r1F- II
S K SF > SF. (5.30)
KFI
The above equation is a consequence of the second of Eqs. (5.27), but it also
follows directly from Eq. (2.10), which holds in any irreducible landscape. In this
case fI(t) and fF(t) have the same asymptotic time dependence, c e--, so the ratio
fI(t)/fF(t) approaches a constant limit, sI/SF = R. However, due to the smallness of
KFI, this ratio is extremely large. Note that the ratio of Boltzmann brains to normal
observers is proportional to R. Although it is also proportional to the minuscule
Boltzmann brain nucleation rate (estimated in Section 5.3), the typically huge value
of R will still lead to Boltzmann brain domination (again, see Section 5.3 for relevant
details). But the story is not over, since the recycling FIB landscape is still far from
realistic.
5.2.3 A more realistic landscape
In the recycling model of the preceding section, the anthropic vacuum I was also the
dominant vacuum, while in a realistic landscape this is not likely to be the case. To
see how it changes the situation to have a non-anthropic vacuum as the dominant
one, we consider the model
A <- D - F -+ I -+ B, (5.31)
which we call the "ADFIB landscape." Here, D is the dominant vacuum and A
and B are both terminal vacua. The vacuum I is still an anthropic vacuum, and
the vacuum F has large, positive vacuum energy. As explained in Section 5.3, the
dominant vacuum is likely to have very small vacuum energy; hence we consider that
at least one upward transition (here represented as the transition to F) is required
to reach an anthropic vacuum.
Note that the ADFIB landscape ignores the upward transition rate from vacuum
I to F; however this is exponentially suppressed relative the other transition rates
pertinent to I and, unlike the situation in Subsection 5.2.1, ignoring the upward
transition does not significantly affect our results. The important property is that
all vacuum fractions have the same late-time asymptotic behavior, and this property
is assured whenever there is a unique dominant vacuum, and all inflating vacua are
accessible from the dominant vacuum via a sequence of tunneling transitions. The
uniformity of asymptotic behaviors is sufficient to imply Eq. (2.10), which implies
immediately that
Si - IF KIF IF (5.32
SF KBI - q KBI - 1D KBI
where we used q ~ D -_ AD + KFD, and assumed that ID < KBI-
This holds even if the decay rate of the anthropic vacuum I is smaller than that
of the false vacuum F.
Even though the false vacuum F may decay rather quickly, it is constantly being
replenished by upward transitions from the slowly-decaying vacuum D, which over-
whelmingly dominates the physical volume of the multiverse. Note that, in light of
these results, our constraints on the landscape to avoid Boltzmann brain domination
are considerably relaxed. Specifically, it is no longer required that the anthropic vacua
decay at a faster rate than their parent vacua. Using Eq. (5.32) with Eq. (5.14), the
ratio of Boltzmann brains to normal observers in vacuum I is found to be
BB BB BB
~ ~I . (5.33)
N0 KIFSF KBI
If Boltzmann brains can also exist in the dominant vacuum D, then they are a
much more severe problem. By applying Eq. (2.10) to the F vacuum, we find
8F KFD KFD KFD (5.34
SD KF -q KF - KD KF
where KF KIF + KDF, and where we have assumed that KD < KF. The ratio of
Boltzmann brains in vacuum D to normal observers in vacuum I is then
NBB BB KBB
___ ~D SD "D KF (-5NO (5.35)
I KIFSF KFD KIF
Since we expect that the dominant vacuum has very small vacuum energy, and hence
a heavily suppressed upward transition rate /FD, the requirement that NDB/NyO be
small could be a very stringent one. Note that compared to SD, both SF and SI are
suppressed by the small factor "NFD; however the ratio SI/SF is independent of this
factor.
Since SD is so large, one should ask whether Boltzmann brain domination can be
more easily avoided by allowing vacuum D to be anthropic. The answer is no, because
the production of normal observers in vacuum D is proportional (see Eq. (5.8)) to the
rate at which bubbles of D nucleate, which is not large. D dominates the spacetime
volume due to slow decay, not rapid nucleation. If we assume that D is anthropic
and restrict Eq. (5.14) to vacuum D, we find using Eq. (5.34) that
BB BB BB
_D KD SD D _F (5.36)N{o
NT r-DFSF KFD KDF
so again the ratio is enhanced by the extremely small upward tunneling rate 1 FD in
the denominator.
Thus, in order to avoid Boltzmann brain domination, it seems we have to impose
two requirements: (1) the Boltzmann brain nucleation rate in the anthropic vacuum
I must be less than the decay rate of that vacuum, and (2) the dominant vacuum
D must either not support Boltzmann brains at all, or must produce them with a
dimensionless rate rBB that is small even compared to the upward tunneling rate
rFD. If the vacuum D is anthropic then it would support Boltzmann brains, so the
domination by Boltzmann brains could be avoided only by the stringent requirement
BB
KD B FD-
5.2.4 A further generalization
The conclusions of the last subsection are robust to more general considerations. To
illustrate, let us generalize the ADFIB landscape to one with many low-vacuum-
energy pockets, described by the schematic
A <- D <-> F --+ I, -> B, (5.37)
where each high energy false vacuum F decays into a set of vacua {Ii}, all of which
decay (for simplicity) to the same terminal vacuum B. The vacua I, are taken to be a
large set including both anthropic vacua and vacua that host only Boltzmann brains.
Eq. (2.10) continues to apply, so Eqs. (5.32) and (5.34) are easily generalized to this
case, giving
Si KIFj SF3 (5.38)
Ii
and
SSD, (5.39)
where we have assumed that q < r , KFj, as we expect for vacua other than the
dominant one. Using these results with Eq. (5.14), the ratio of Boltzmann brains in
vacua Ii to normal observers in vacua I is given by
NBB maxi {BB SI,
Nli} maxi { j F
maxi K B I KIFj 1 KFD SD
KIi 3 KFj )
maX, KIFFjD SD?
maxi K i4 KjFj KFjKD SBB
KI. j KIF- (5.40)
maxi { ZI.Fj KFjD
KFj
where the denominators are maximized over the restricted set of anthropic vacua i
(and the numerators are maximized without restriction). The ratio of Boltzmann
brains in the dominant vacuum (vacuum D) to normal observers in vacua i is given
by
BB BB
)VD_ "CDSD
AN a KI Fj SFgMd maxi{S Yi .s j
BB
KD (5.41)
max( KIiFj D
3KFj
and, if vacuum D is anthropic, then the ratio of Boltzmann brains in vacuum D to
normal observers in vacuum D is given by
BB BB
NO KDj .(5.42)
-D KF-D
j KFj
In this case our answers are complicated by the presence of many different vacua.
We can in principle determine whether Boltzmann brains dominate by evaluating
Eqs. (5.40)-(5.42) for the correct values of the parameters, but this gets rather com-
plicated and model-dependent. The evaluation of these expressions can be simplified
significantly, however, if we make some very plausible assumptions.
For tunneling out of the high-energy vacua Fj, one can expect the transition
rates into different channels to be roughly comparable, so that KIjiF - KDFj - KFy-
That is, we assume that the branching ratios KIF IKF and KDFIKF are roughly of
order one in the sense of Eq. (5.2). These factors (or their inverses) will therefore be
unimportant in the evaluation of NBB/NAJNO, and may be dropped. Furthermore, the
upward transition rates from the dominant vacuum D into F are all comparable to
one another, as can be seen by writing [44]
KFjD ~ eAFjDe-SD, (5.43)
where AFjD is the action of the instanton responsible for the transition and SD is the
action of the Euclideanized de Sitter 4-sphere,
=87r2 (.4SD Hr2
But generically IAFD ' 1/PF. If we assume that
- 1 < 1014 (5.45)
PF3 PFk
for every pair of vacua F and Fk, then KFD =KFkD up to a factor that can be ignored
because it is roughly of order one. Thus, up to subleading factors, the transition rates
,FjD cancel out 4 in the ratio NBBgNO
Returning to Eq. (5.40) and keeping only the leading factors, we have
NBB BB
~ max , (5.46)
where the index i runs over all (non-dominant) vacua in which Boltzmann brains can
nucleate. For the dominant vacuum, our simplifying assumptions5 convert Eqs. (5.41)
and (5.42) into
ABB BB
'D D_ BB SD (5.47)
NNO Nup D e
where rup =E KFDis the upward transition rate out of the dominant vacuum.
Thus, the conditions needed to avoid Boltzmann brain domination are essentially
the same as what we found in Subsection 5.2.3. In this case, however, we must
require that in any vacuum that can support Boltzmann brains, the Boltzmann brain
nucleation rate must be less than the decay rate of that vacuum.
5.2.5 A dominant vacuum system
In the next to last paragraph of Section 2.2.1, we described a scenario where the
dominant vacuum was not the vacuum with the smallest decay rate. Let us now
4Depending on the range of vacua Fj that are considered, the bound of Eq. (5.45) may or
may not be valid. If it is not, then the simplification of Eq. (5.46) below is not justified, and
the original Eq. (5.40) has to be used. Of course one should remember that there was significant
arbitrariness in the choice of 1014 in the definition of "roughly of order one." 1014 was chosen to
accommodate the largest estimate that we discuss in Sec. 5.3 for the Boltzmann brain nucleation
rate, FBB ~ exp(-1016 ). In considering the other estimates of FBB, one could replace 10" by a
much larger number, thereby increasing the applicability of Eq. (5.45).
5 The dropping of the factor eAFj D is a more reliable approximation in this case than it was
in Eq. (5.46) above. In this case the factor e-SD does not cancel between the numerator and
denominator, so the factor eAF-j D can be dropped if it is unimportant compared to e-SD. We of
course do not know the value of S for the dominant vacuum, but for our vacuum it is of order 10122,
and it is plausible that the value for the dominant vacuum is similar or even larger. Thus as long as
1/pFj is small compared to 10122, it seems safe to drop the factor eAF D.
study a simple landscape to illustrate this situation. Consider the toy landscape
A - D1  - D2 - A (5.48)
S A
where as in Subsection 5.2.4 the vacua i are taken to include both anthropic vacua
and vacua that support only Boltzmann brains. Vacua A and B are terminal vacua
and the F have large, positive vacuum energies. Assume that vacuum S has the
smallest total decay rate.
We have in mind the situation in which D1 and D2 are nearly degenerate, and
transitions from D1 to D2 (and vice versa) are rapid, even though the transition in
one direction is upward. With this in mind, we divide the decay rates of Di and D2
into two parts,
Ki = K21 + out (5.49)
K2 = K12 + Ko"t (5.50)
with K12 , K21 > Ki"u. We assume as in previous sections that the rates for large
upward transitions (S to D1 or D2, and D1 or D2 to F) are extremely small, so that
we can ignore them in the calculation of q. The rate equation, Eq. (2.10), then admits
a solution with q -- KD, but it also admits solutions with
q ~ [s'K1 + K2 ± (i - K 2 )2 + 4K12 K2 1 ] . (5.51)
Expanding the smaller root to linear order in ,o"t gives
q ~ aiiut + a 2  out, (5.52)
where
i K12  2 = (5.53)
K 1 2 + K 2 1  K 1 2 + K2 1
In principle this value for q can be smaller than KD, which is the case that we wish
to explore.
In this case the vacua D1 and D2 dominate the volume fraction of the multiverse,
even if their total decay rates Ki and K2 are not the smallest in the landscape. We
can therefore call the states D1 and D2 together a dominant vacuum system, which
we denote collectively as D. The rate equation (Eq. (2.10)) shows that
SD 1  al SD , SD 2  a2 SD , (5.54)
where SD SD 1 + SD2 , and the equations hold in the approximation that Ot and the
upward transition rates from Di and D2 can be neglected. To see that these vacua
dominate the volume fraction, we calculate the modified form of Eq. (5.39):
SF, a 1  FD 1 + a2 IF, D2  (555
SD KFj
Thus the volume fractions of the F, and hence also the Ij and B vacua, are suppressed
by the very small rate for large upward jumps from low energy vacua, namely KFD 1
and KFD 2 . The volume fraction for S depends on IAD1 and IAD2 , but it is maximized
when these rates are negligible, in which case it is given by
SS q (5.56)
SD KS-q
This quantity can in principle be large, if q is just a little smaller than rs, but that
would seem to be a very special case. Generically, we would expect that since q must
be smaller than rs (see Eq. (2.12)), it would most likely be many orders of magnitude
smaller, and hence the ratio in Eq. (5.56) would be much less than one. There is no
reason, however, to expect it to be as small as the ratios that are suppressed by large
upward jumps. For simplicity, however, we shall assume in what follows that Ss can
be neglected.
To calculate the ratio of Boltzmann brains to normal observers in this toy land-
scape, note that Eqs. (5.40) and (5.41) are modified only by the substitution
F3D -* RFjD a 1 PCF.D1 -+- 2 KF3 D 2 . (5.57)
Thus, the dominant vacuum transition rate is simply replaced by a weighted average
of the dominant vacuum transition rates. If we assume that neither of the vacua
D1 nor D2 are anthropic, and make the same assumptions about magnitudes used in
Subsection 5.2.4, then Eqs. (5.46) and (5.47) continue to hold as well, where we have
redefined Kup by ,np =_ T FD-
If, however, we allow D1 or D2 to be anthropic, then new questions arise. Tran-
sitions between D1 and D2 are by assumption rapid, so they copiously produce new
pockets and potentially new normal observers. We must recall, however (as discussed
in Section 5.1), that the properties of a pocket universe depend on both the current
vacuum and the parent vacuum. In this case, the unusual feature is that the vacua
within the D system are nearly degenerate, and hence very little energy is released
by tunnelings within D. For pocket universes created in this way, the maximum
particle energy density during reheating will be only a small fraction of the vacuum
energy density. Such a big bang is very different from the one that took place in our
pocket, and presumably much less likely to produce life. We shall call a vacuum in
the D system "strongly anthropic" if normal observers are produced by tunnelings
from within D, and "mildly anthropic" if normal observers can be produced, but only
by tunnelings from higher energy vacua outside D.
If either of the vacua in D were strongly anthropic, then the normal observers
in D would dominate the normal observers in the multiverse. Normal observers in
the vacua I. would be less numerous by a factor proportional to the extremely small
rate RFJD for large upward transitions . This situation would itself be a problem,
however, similar to the Boltzmann brain problem. It would mean that observers like
ourselves, who arose from a hot big bang with energy densities much higher than
our vacuum energy density, would be extremely rare in the multiverse. We conclude
that if there are any models which give a dominant vacuum system that contains
a strongly anthropic vacuum, such models would be considered unacceptable in the
context of the scale-factor cutoff measure.
On the other hand, if the D system included one or more mildly anthropic vacua,
then the situation is very similar to that discussed in Subsections 5.2.3 and 5.2.4.
In this case the normal observers in the D system would be comparable in number
to the normal observers in the vacua I, so they would have no significant effect on
the ratio of Boltzmann brains to normal observers in the multiverse. If any of the
D vacua were mildly anthropic, however, then the stringent requirement ,BDB up
would have to be satisfied without resort to the simple solution jBB = 0.
Thus, we find that the existence of a dominant vacuum system does not change
our conclusions about the abundance of Boltzmann brains, except insofar as the
Boltzmann brain nucleation constraints that would apply to the dominant vacuum
must apply to every member of the dominant vacuum system. Probably the most
important implication of this example is that the dominant vacuum is not necessarily
the vacuum with the lowest decay rate, so the task of identifying the dominant vacuum
could be very difficult.
5.2.6 General conditions to avoid Boltzmann brain domina-
tion
In constructing general conditions to avoid Boltzmann brain domination, we are
guided by the toy landscapes discussed in the previous subsections. Our goal, how-
ever, is to construct conditions that can be justified using only the general equations
of Sections 2.2.1 and 5.1, assuming that the landscape is irreducible, but without rely-
ing on the properties of any particular toy landscape. We shall be especially cautious
about the treatment of the dominant vacuum and the possibility of small upward
transitions, which could be rapid. The behavior of the full landscape of a realistic
theory may deviate considerably from that of the simplest toy models.
To discuss the general situation, it is useful to divide vacuum states into four
classes. We are only interested in vacua that can support Boltzmann brains. These
can be
(1) anthropic vacua for which the total dimensionless decay rate satisfies ri > q,
(2) non-anthropic vacua that can transition to anthropic vacua via unsuppressed
transitions,
(3) non-anthropic vacua that can transition to anthropic vacua only via suppressed
transitions,
(4) anthropic vacua for which the total dimensionless decay rate is ri ~ q.
Here q is the smallest-magnitude eigenvalue of the rate equation (see Eqs. (2.6)-(2.9)).
We call a transition "unsuppressed" if its branching ratio is roughly of order one in
the sense of Eq. (5.2). If the branching ratio is smaller than this, it is "suppressed."
As before, when calculating JBB/NNO we assume that factors that are roughly of
order one can be ignored. Note that Eq. (2.12) forbids Ki from being less than q, so
the above four cases are exhaustive.
We first discuss conditions that are sufficient to guarantee that Boltzmann brains
will not dominate, postponing until later the issue of what conditions are necessary.
We begin with the vacua in the first class. Very likely all anthropic vacua belong
to this class. For an anthropic vacuum i, the Boltzmann brains produced in vacuum
i cannot dominate the multiverse if they do not dominate the normal observers in
vacuum i, so we can begin with this comparison. Restricting Eq. (5.15) to this single
vacuum, we obtain
gBB BB
NNO (5.58)
a ratio that has appeared in many of the simple examples. If this ratio is small
compared to one, then Boltzmann brains created in vacuum i are negligible.
Let us now study a vacuum j in the second class. First note that Eq. (2.10)
implies the rigorous inequality
Ki si 2 Kij si (no sum on repeated indices), (5.59)
which holds for any two states i and j. (Intuitively, Eq. (5.59) is the statement that,
in steady state, the total rate of loss of volume fraction must exceed the input rate
from any one channel.) To simplify what follows, it will be useful to rewrite Eq. (5.59)
as
(rsisi) (rjsj) B-i , (5.60)
where Bj-i = /j is the branching ratio for the transition j -+ i.
Suppose that we are trying to bound the Boltzmann brain production in vacuum
j, and we know that it can undergo unsuppressed transitions
j -+ ki -+ . . . -+ k, --+ (5.61)
where i is an anthropic vacuum. We begin by using Eqs. (5.8) and (5.10) to express
NgPB/gINO, dropping irrelevant factors as in Eq. (5.14), and then we can iterate the
above inequality:
NBB BB BB
NO Zk sik sk Ki Si
nBBK BB Si
- (Kjsj)Bj-k1Bk1 k2 . .. Bk,-.
xBB 13 BB_(5.62)
,j B-B - 2--(-5B6,-i2
where again there is no sum on repeated indices, and Eq. (2.10) was used in the last
step on the first line. Each inverse branching ratio on the right of the last line is
greater than or equal to one, but by our assumptions can be considered to be roughly
of order one, and hence can be dropped. Thus, the multiverse will avoid domination
by Boltzmann brains in vacuum j if B/cr < 1, the same criterion found for the
first class.
The third class - non-anthropic vacua that can only transition to an anthropic
state via at least one suppressed transition - presumably includes many states with
very low vacuum energy density. The dominant vacuum of our toy landscape models
certainly belongs to this class, but we do not know of anything that completely ex-
cludes the possibility that the dominant vacuum might belong to the second or fourth
classes. That is, perhaps the dominant vacuum is anthropic, or decays to an anthropic
vacuum. If there is a dominant vacuum system, as described in Subsection 5.2.5, then
i > q, and the dominant vacua could belong to the first class, as well as to either of
classes (2) and (3).
To bound the Boltzmann brain production in this class, we consider two possible
criteria. To formulate the first, we can again use Eqs. (5.61) and (5.62), but this time
the sequence must include at least one suppressed transition, presumably an upward
jump. Let us therefore denote the branching ratio for this suppressed transition as
Bup, noting that Bu, will appear in the denominator of Eq. (5.62). Of course, the
sequence of Eq. (5.61) might involve more than one suppressed transition, but in any
case the product of these very small branching ratios in the denominator can be called
Bup, and all the other factors can be taken as roughly of order one. Thus, a landscape
containing a vacuum j of the third class avoids Boltzmann brain domination if
xBB
< 1, (5.63)
in agreement with the results obtained for the dominant vacua in the toy landscape
models in the previous subsections.
A few comments are in order. First, if the only suppressed transition is the first,
then Bup = rup/rj, and the above criterion simplifies to rB /rup < 1. Second, we
should keep in mind that the sequence of Eq. (5.61) is presumably not unique, so other
sequences will produce other bounds. All the bounds will be valid, so the strongest
bound is the one of maximum interest. Finally, since the vacua under discussion
are not anthropic, a likely method for Eq. (5.63) to be satisfied would be for rB
to vanish, as would happen if the vacuum j did not support the complex structures
needed to form Boltzmann brains.
The criterion above can be summarized by saying that if PB /(BuyK < 1, then
the Boltzmann brains in vacuum j will be overwhelmingly outnumbered by the nor-
mal observers living in pocket universes that form in the decay chain starting from
vacuum j. We now describe a second, alternative criterion, based on the idea that
the number of Boltzmann brains in vacuum j can be compared with the number of
normal observers in vacuum i if the two types of vacuum have a common ancestor.
Denoting the common ancestor vacuum as A, we assume that it can decay to an
anthropic vacuum i by a chain of transitions
A ->+ ki - ... --+ k, --> i , (5.64)
and also to a Boltzmann-brain-producing vacuum j by a chain
A --+ f -> ... -+ f -- j. (5.65)
From the sequence of Eq. (5.64) and the bound of Eq. (5.60), we can infer that
(Kisi) > (kAsA)BA-_k 1 Bk1 -+k 2 --- Bk,_*i . (5.66)
To make use of the sequence of Eq. (5.65) we shall want a bound that goes in the
opposite direction, for which will need to require additional assumptions. Starting
with Eq. (2.10), we first require q < Ki, which is plausible provided that vacuum
i is not the dominant vacuum. Next we look at the sum over j on the right-hand
side, and we call the transition j -+ i "significant" if its contribution to the sum is
within a factor roughly of order one of the entire sum. (The sum over j is the sum
over sources for vacuum i, so a transition j -+ i is "significant" if pocket universes
of vacuum j are a significant source of pocket universes of vacuum i.) It follows that
for any significant transition j -> i for which q < si,
(Kisi) 5 (ryjsj)ZmaxB_.i :! (Kjss)Zmax, (5.67)
where Zma, denotes the largest number that is roughly of order one. By our conven-
tions, Zmax = exp(10 4 ). If we assume now that all the transitions in the sequence of
Eq. (5.65) are significant, and that q is negligible in each case, then
(rsjsj) < (kASA)Z.". 1 . (5.68)
Using the bounds from Eqs. (5.66) and (5.68), the Boltzmann brain ratio is bounded
by
ABB BB BB
iNO 7k ik Sk Ki Si
Zm+1 sBB
< max . (5.69)
- BA k 1 Bk 1 -+k 2 - -- s
But all the factors on the right are roughly of order one, except that some of the
branching ratios in the denominator might be smaller, if they correspond to sup-
pressed transitions. If Bu, denotes the product of branching ratios for all the sup-
pressed transitions shown in the denominator (i.e., all suppressed transitions in the
sequence of Eq. (5.64)), then the bound reduces to Eq. (5.63).6
6Note, however, that the argument breaks down if the sequences in either of Eqs. (5.64) or
(5.65) become too long. For the choices that we have made, a factor of Zmax is unimportant in the
calculation of NBB/gNO, but Zm =exp(1016) can be significant. Thus, for our choices we can
To summarize, the Boltzmann brains in a non-anthropic vacuum j can be bounded
if there is an ancestor vacuum A that can decay to j through a chain of significant
transitions for which q < re for each vacuum, as in the sequence of Eq. (5.65), and
if the same ancestor vacuum can decay to an anthropic vacuum through a sequence
of transitions as in Eq. (5.64). The Boltzmann brains will never dominate provided
that ,PB/(Buy ip) < 1, where Buy is the product of all suppressed branching ratios
in the sequence of Eq. (5.64).
Finally, the fourth class of vacua consists of anthropic vacua i with decay rate
i ~- q, a class which could be empty. For this class Eq. (5.15) may not be very
useful, since the quantity (Ki - q) in the denominator could be very small. Yet, as
in the two previous classes, this class can be treated by using Eq. (5.62), where in
this case the vacuum i can be the same as j or different, although the case i = j
requires n > 1. Again, if the sequence contains only unsuppressed transitions, then
the multiverse avoids domination by Boltzmann brains in vacuum i if B /i < 1.
If upward jumps are needed to reach an anthropic vacuum, whether it is the vacuum
i again or a distinct vacuum j, then the Boltzmann brains in vacuum i will never
dominate if i B/(Bup Ki) < 1.
The conditions described in the previous paragraph are very difficult to meet, so
if the fourth class is not empty, Boltzmann brain domination is hard to avoid. These
vacua have the slowest decay rates in the landscape, ri ~ q, so it seems plausible
that they have very low energy densities, precluding the possibility of decaying to
an anthropic vacuum via unsuppressed transitions; in that case Boltzmann brain
domination can be avoided if
B BiB < Bysi. (5.70)
However, as pointed out in Ref. [331, Buy oc e-SD (see Eq. (5.43)) is comparable to
the inverse of the recurrence time, while in an anthropic vacuum one would expect
the Boltzmann brain nucleation rate to be much faster than once per recurrence time.
To summarize, the domination of Boltzmann brains can be avoided by first of all
requiring that all vacuum states in the landscape obey the relation
BB
< 1 . (5.71)
That is, the rate of nucleation of Boltzmann brains in each vacuum must be less than
the rate of nucleation, in that same vacuum, of bubbles of other phases. For anthropic
vacua i with ni > q, this criterion is enough. Otherwise, the Boltzmann brains that
might be produced in vacuum j must be bounded by the normal observers forming in
some vacuum i, which must be related to j through decay chains. Specifically, there
must be a vacuum A that can decay through a chain to an anthropic vacuum ', i.e.
A ---+ ki - ... - k, -+ i (5.72)
justify the dropping of 0(100) factors that are roughly of order one, but not more than that. For
choices appropriate to smaller estimates of rBB, however, the number of factors that can be dropped
will be many orders of magnitude larger.
where either A j, or else A can decay to j through a sequence
A -> E1 - . . .- --+ - (5.73)
In the above sequence we insist that 1j > q and that i > q for each vacuum E, in the
chain, and that each transition must be "significant," in the sense that pockets of type
E, must be a significant source of pockets of type Ep+1. (More precisely, a transition
from vacuum j to i is "significant" if it contributes a fraction that is roughly of order
one to >j ,ijsj in Eq. (2.10).) For these cases, the bound which ensures that the
Boltzmann brains in vacuum j are dominated by the normal observers in vacuum i
is given by
BB
2 « 1, (5.74)
Bup sy
where B2, is the product of any suppressed branching ratios in the sequence of
Eq. (5.72). If all the transitions in Eq. (5.72) are unsuppressed, this bound reduces
to Eq. (5.71). If j is anthropic, the case A = j = i is allowed, provided that n > 1.
The conditions described above are sufficient to guarantee that Boltzmann brains
do not dominate over normal observers in the multiverse, but without further as-
sumptions there is no way to know if they are necessary. All of the conditions that we
have discussed are quasi-local, in the sense that they do not require any global picture
of the landscape of vacua. For each of the above arguments, the Boltzmann brains in
one type of vacuum j are bounded by the normal observers in some type of vacuum
i that is either the same type, or directly related to it through decay chains. Thus,
there was no need to discuss the importance of the vacua j and i compared to the
rest of the landscape as a whole. The quasi-local nature of these conditions, however,
guarantees that they cannot be necessary to avoid the domination by Boltzmann
brains. If two vacua j and i are both totally insignificant in the multiverse, then it
will always be possible for the Boltzmann brains in vacuum j to overwhelm the nor-
mal observers in vacuum i, while the mulitverse as a whole could still be dominated
by normal observers in other vacua.
We have so far avoided making global assumptions about the landscape of vacua,
because such assumptions are generally hazardous. While it may be possible to make
statements that are true for the bulk of vacua in the landscape, in this context the
statements are not useful unless they are true for all the vacua of the landscape.
Although the number of vacua in the landscape, often estimated at 10500 [101], is
usually considered to be incredibly large, the number is nonetheless roughly of order
one compared to the numbers involved in the estimates of Boltzmann brain nucleation
rates and vacuum decay rates. Thus, if a single vacuum produces Boltzmann brains
in excess of required bounds, the Boltzmann brains from that vacuum could easily
overwhelm all the normal observers in the multiverse.
Recognizing that our conclusions could be faulty, we can nonetheless adopt some
reasonable assumptions to see where they lead. We can assume that the multiverse is
sourced by either a single dominant vacuum, or by a dominant vacuum system. We
can further assume that every anthropic and/or Boltzmann-brain-producing vacuum
i can be reached from the dominant vacuum (or dominant vacuum system) by a single
significant upward jump, with a rate proportional to e-SD followed by some number
of significant, unsuppressed transitions, all of which have rates rk > q and branching
ratios that are roughly of order one:
D --> ki -. >k (5.75)
We shall further assume that each non-dominant anthropic and/or Boltzmann-brain-
producing vacuum i has a decay rate Ki > q, but we need not assume that all of the
Ki are comparable to each other. With these assumptions, the estimate of NBB/NNO
becomes very simple.
Applying Eq. (2.10) to the first transition of Eq. (5.75),
Kk 1 Sk 1 ~ k1 D SD - KupSD, (5.76)
where we use sup to denote the rate of a typical transition D -> k, assuming that
they are all equal to each other up to a factor roughly of order one. Here ~ indicates
equality up to a factor that is roughly of order one. If there is a dominant vacuum
system, then Kk 1D is replaced by RkiD ZE aerKkiD,, where the Di are the components
of the dominant vacuum system, and the at are defined by generalizing Eqs. (5.53)
and (5.54).7 Applying Eq. (2.10) to the next transition, ki -+ k2 we find
Kk 2 Sk 2 = Bk 1 -+k2rk 1 Sk1 - - - - ~' k1 Ski , (5.77)
where we have used the fact that Bki-k 2 is roughly of order one, and that the tran-
sition is significant. Iterating, we have
Ki Si ~ Ik, Sk, ~ Kup S D. (5.78)
Since the expression on the right is independent of i, we conclude that under these as-
sumptions any two non-dominant anthropic and/or Boltzmann-brain-producing vacua
71n more detail, the concept of a dominant vacuum system is relevant when there is a set of vacua
e that can have rapid transitions within the set, but only very slow transitions connecting these
vacua to the rest of the landscape. As a zeroth order approximation one can neglect all transitions
connecting these vacua to the rest of the landscape, and assume that nr >> q, so Eq. (2.10) takes
the form
q = t Bill Ki' St,.
Here Bee = fee'/'e is the branching ratio within this restricted subspace, where Ke = Ke'e is
summed only within the dominant vacuum system, so ', Bee = 1 for all f'. Bee is nonnegative, and
if we assume also that it is irreducible, then the Perron-Frobenius theorem guarantees that it has a
nondegenerate eigenvector ye of eigenvalue 1, with positive components. From the above equation
e st oc vi, and then
Set _ Vi
z e' 'n' S f'
i and j have equal values of is, up to a factor that is roughly of order one:
Kjsj ~ Kisi . (5.79)
Using Eq. (5.8) and assuming as always that nNO is roughly of order one, Eq. (5.79)
implies that any two non-dominant anthropic vacua i and j have comparable numbers
of ordinary observers, up to a factor that is roughly of order one:
rNo ~ NNO (5.80)
The dominant vacuum could conceivably be anthropic, but we begin by consid-
ering the case in which it is not. In that case all anthropic vacua are equivalent, so
the Boltzmann brains produced in any vacuum j will either dominate the multiverse
or not depending on whether they dominate the normal observers in an arbitrary
anthropic vacuum i. Combining Eqs. (5.8), (5.10), (2.10), and (5.79), and omitting
irrelevant factors, we find that for any non-dominant vacuum j
NBB BB BB BB
~__ r' S ~ ~ Si .3  (5.81)
iNO (k "ik Sk KiSi Kj
Thus, given the assumptions described above, for any non-dominant vacuum j the
necessary and sufficient condition to avoid the domination of the multiverse by Boltz-
mann brains in vacuum j is given by
BB
(5.82)
Kj
For Boltzmann brains formed in the dominant vacuum, we can again find out if
they dominate the multiverse by determining whether they dominate the normal ob-
servers in an arbitrary anthropic vacuum i. Repeating the above analysis for vacuum
D instead of vacuum j, using Eq. (5.78) to relate si to SD, we have
BB BBS KBBD KBBgB KD~SD KD SD ~-D (5.83)JVNO
iO k ik Sk KiSi Kup
Thus, for a single dominant vacuum D or a dominant vacuum system with members
Di, the necessary and sufficient conditions to avoid the domination of the multiverse
by these Boltzmann brains is given by
BB BB
KD < 1 or < « . (5.84)
Kup Kup
As discussed after Eq. (5.70), probably the only way to satisfy this condition is to
require that KBB 0
If the dominant vacuum is anthropic, then the conclusions are essentially the
same, but the logic is more involved. For the case of a dominant vacuum system, we
distinguish between the possibility of vacua being "strongly" or "mildly" anthropic, as
discussed in Subsection 5.2.5. "Strongly anthropic" means that normal observers are
formed by tunneling within the dominant vacuum system D, while "mildly anthropic"
implies that normal observers are formed by tunneling, but only from outside D. Any
model that leads to a strongly anthropic dominant vacuum would be unacceptable,
because almost all observers would live in pockets with a maximum reheat energy
density that is small compared to the vacuum energy density. With a single anthropic
dominant vacuum, or with one or more mildly anthropic vacua within a dominant
vacuum system, the normal observers in the dominant vacuum would be comparable
in number (up to factors roughly of order one) to those in other anthropic vacua,
so they would have no significant effect on the ratio of Boltzmann brains to normal
observers in the multiverse. An anthropic vacuum would also produce Boltzmann
brains, however, so Eq. (5.84) would have to somehow be satisfied for rBB _
5.3 Boltzmann brain nucleation and vacuum decay
rates
5.3.1 Boltzmann brain nucleation rate
Boltzmann brains emerge from the vacuum as large quantum fluctuations. In partic-
ular, they can be modeled as localized fluctuations of some mass M, in the thermal
bath of a de Sitter vacuum with temperature Tds = HA/21r [851. The Boltzmann
brain nucleation rate is then roughly estimated by the Boltzmann suppression fac-
tor [38, 411,
FBB - e -M/Tds (5.85)
where our goal is to estimate only the exponent, not the prefactor. Eq. (5.85) gives
an estimate for the nucleation rate of a Boltzmann brain of mass M in any particular
quantum state, but we shall normally describe the Boltzmann brain macroscopically.
Thus rBB should be multiplied by the number of microstates eSBB corresponding to
the macroscopic description, where SBB is the entropy of the Boltzmann brain. Thus
we expect
FBB - e-M/TSeSBB - eF/Tds, (5.86)
where F = M - Tds SBB is the free energy of the Boltzmann brain.
Eq. (5.86) should be accurate as long as the de Sitter temperature is well-defined,
which will be the case as long as the Schwarzschild horizon is small compared to the
de Sitter horizon radius. Furthermore, we shall neglect the effect of the gravitational
potential energy of de Sitter space on the Boltzmann brain, which requires that the
Boltzmann brain be small compared to the de Sitter horizon. Thus we assume
M/4-r < R < HK1 , (5.87)
where the first inequality assumes that Boltzmann brains cannot be black holes. The
general situation, which allows for M - R ~ H 1 , will be discussed in Appendix C.
While the nucleation rate is proportional to eSBB, this factor is negligible for any
Boltzmann brain made of atoms like those in our universe. The entropy of such atoms
is bounded by
S < 3M/ma, (5.88)
where mn is the nucleon mass. Indeed, the actual value of SBB is much smaller
than this upper bound because of the complex organization of the Boltzmann brain.
Meanwhile, to prevent the Boltzmann brain from being destroyed by pair production,
we require that Tds mn. Thus, for these Boltzmann brains the entropy factor eSBB
is irrelevant compared to the Boltzmann suppression factor.
To estimate the nucleation rate for Boltzmann brains, we need at least a crude
description of what constitutes a Boltzmann brain. There are many possibilities. We
argued in the introduction to this Chapter that a theory that predicts the domination
of Boltzmann brains over normal observers would be overwhelmingly disfavored by our
continued observation of an orderly world, in which the events that we observe have
a logical relationship to the events that we remember. In making this argument, we
considered a class of Boltzmann brains that share exactly the memories and thought
processes of a particular normal observer at some chosen instant. For these purposes
the memory of the Boltzmann brain can consist of random bits that just happen
to match those of the normal observer, so there are no requirements on the history
of the Boltzmann brain. Furthermore, the Boltzmann brain need only survive long
enough to register one observation after the chosen instant, so it is not required to
live for more than about a second. We shall refer to Boltzmann brains that meet
these requirements as minimal Boltzmann brains.
While an overabundance of minimal Boltzmann brains is enough to cause a theory
to be discarded, we nonetheless find it interesting to discuss a wide range of Boltzmann
brain possibilities. We shall start with very large Boltzmann brains, discussing the
minimal Boltzmann brains last.
We first consider Boltzmann brains much like us, who evolved in stellar systems
like ours, in vacua with low-energy particle physics like ours, but allowing for a de
Sitter Hubble radius as small as a few astronomical units or so. These Boltzmann
brains evolved in their stellar systems on a time scale similar to the evolution of life on
Earth, so they are in every way like us, except that, when they perform cosmological
observations, they find themselves in an empty, vacuum-dominated universe. These
"Boltzmann solar systems" nucleate at a rate of roughly
rBB ~ exp(-10 8 5) , (5.89)
where we have set M ~ 10" kg and HR1 = (27rTds)~1 ~ 101 m. This nucleation rate
is fantastically small; we found it, however, by considering the extravagant possibility
of nucleating an entire Boltzmann solar system.
Next, we can consider the nucleation of an isolated brain, with a physical con-
struction that is roughly similar to our own brains. If we take M - 1 kg and
HR = (27rTds) 1 -' 1 m, then the corresponding Boltzmann brain nucleation rate is
FBB ~ exp(-10 43 ). (5.90)
If the construction of the brain is similar to ours, however, then it could not function
if the tidal forces resulted in a relative acceleration from one end to the other that is
much greater than the gravitational acceleration g on the surface of the Earth. This
requires HK1 > 108 m, giving a Boltzmann brain nucleation rate
IBB~ exp(-105 1 ). (5.91)
Until now, we have concentrated on Boltzmann brains that are very similar to
human brains. However a common assumption in the philosophy of mind is that of
substrate-independence. Therefore, pressing onward, we study the possibility that a
Boltzmann brain can be any device capable of emulating the thoughts of a human
brain. In other words, we treat the brain essentially as a highly sophisticated com-
puter, with logical operations that can be duplicated by many different systems of
hardware.
With this in mind, from here out we drop the assumption that Boltzmann brains
are made of the same materials as human brains. Instead, we attempt to find an
upper bound on the probability of creation of a more generalized computing device,
specified by its information content IBB, which is taken to be comparable to the
information content of a human brain.
To clarify the meaning of information content, we can model an information stor-
age device as a system with N possible microstates. Sm . = In N is then the maximum
entropy that the system can have, the entropy corresponding to the state of complete
uncertainty of microstate. To store B bits of information in the device, we can imag-
ine a simple model in which 2B distinguishable macroscopic states of the system are
specified, each of which will be used to represent one assignment of the bits. Each
macroscopic state can be modeled as a mixture of N/2B microstates, and hence has
entropy S = ln(N/2B) = Smax - BIn 2. Motivated by this simple model, one defines
the information content of any macroscopic state of entropy S as the difference be-
tween Sma and S, where Sm, is the maximum entropy that the device can attain.
Applying this definition to a Boltzmann brain, we write
IBB = SBB,max - SBB, (5.92)
where IBB/ln 2 is the information content measured in bits.
As discussed in Ref. [102], the only known substrate-independent limit on the
storage of information is the Bekenstein bound. It states that, for an asymptotically
flat background, the entropy of any physical system of size R and energy M is bounded
by
S < SBek= 27rMR. (5.93)
One can use this bound in de Sitter space as well if the size of the system is sufficiently
small, R < HK1 , so that the system does not "know" about the horizon. A possible
generalization of the Bekenstein bound for R = O(Hk1) was proposed in Ref. [103];
we shall study this and other possibilities in Appendix C. To begin, however, we shall
discuss the simplest case, R < HK1 , so that we can focus on the most important
issues before dealing with the complexities of more general results.
Using Eq. (5.92), the Boltzmann brain nucleation rate of Eq. (5.86) can be rewrit-
ten as
27M
FBB ~ exp - + SBB,max - IBB ) (5.94)
HAS
which is clearly maximized by choosing M as small as possible. The Bekenstein
bound, however, implies that SBB,max SBek and therefore M > SBB,max/(27rR).
Thus
FBB exp ( SBBmax + SBB,max - IBB . (5.95)
Since R < H- 1, the expression above is maximized by taking SBB,max equal to its
smallest possible value, which is IBB- Finally, we have
FBB eXp -IBB . (5.96)
Thus, the Boltzmann brain production rate is maximized if the Boltzmann brain
saturates the Bekenstein bound, with IBB = SBB,max= 27rMR. Simultaneously, we
should make RHA as large as possible, which means taking our assumption R < H-1
to the boundary of its validity. Thus we write the Boltzmann brain production rate
FBB eaIBB , (5.97)
where a = (RHA)-', the value of which is of order a few. In Appendix C we explore
the case in which the Schwarzschild radius, the Boltzmann brain radius, and the de
Sitter horizon radius are all about equal, in which case Eq. (5.97) holds with a = 2.
The bound of Eq. (5.97) can be compared to the estimate of the Boltzmann
brain production rate, PBB - e~SBB, which follows from Eq. (2.13) of Freivogel and
Lippert, in Ref. [104]. The authors of Ref. [104 explained that by SBB they mean
not the entropy, but the number of degrees of freedom, which is roughly equal to the
number of particles in a Boltzmann brain. This estimate appears similar to our result,
if one equates SBB to IBB, or to a few times IBB. Freivogel and Lippert describe this
relation as a lower bound on the nucleation rate for Boltzmann brains, commenting
that it can be used as an estimate of the nucleation rate for vacua with "reasonably
cooperative particle physics." Here we shall explore in some detail the question of
whether this bound can be used as an estimate of the nucleation rate. While we shall
not settle this issue here, we shall discuss evidence that Eq. (5.97) is a valid estimate
for at most a small fraction of the vacua of the landscape, and possibly none at all.
So far, the conditions to reach the upper bound in Eq. (5.97) are R = (aHA)-1 ~
O(H 1 ) and IBB = Smax,BB = SBek. However these are not enough to ensure that a
Boltzmann brain of size R HR is stable and can actually compute. Indeed, the
time required for communication between two parts of a Boltzmann brain separated
by a distance O(HR1) is at least comparable to the Hubble time. If the Boltzmann
brain can be stretched by cosmological expansion, then after just a few operations
the different parts will no longer be able to communicate. Therefore we need a
stabilization mechanism by which the brain is protected against expansion.
A potential mechanism to protect the Boltzmann brain against de Sitter expansion
is the self-gravity of the brain. A simple example is a black hole, which does not
expand when the universe expands. It seems unlikely that black holes can think,8
but one can consider objects of mass approaching that of a black hole with radius
R. This, together with our goal to keep R as close as possible to H 1 , leads to the
following condition:
M ~ R ~ H 1 . (5.98)
If the Bekenstein bound is saturated, this leads to the following relations between
IBB, HA, and M:
IBB~ MR ~ MH-1 ~ H-2. (5.99)
A second potential mechanism of Boltzmann brain stabilization is to surround it
by a domain wall with a surface tension a, which would provide pressure preventing
the exponential expansion of the brain. An investigation of this situation reveals that
one cannot saturate the Bekenstein bound using this mechanism unless there is a
specific relation between IBB, HA, and a:
U ~ IBBHA. (5.100)
If a is less than this magnitude, it cannot prevent the expansion, while a larger a
increases the mass and therefore prevents saturation of the Bekenstein bound.
Regardless of the details leading to Eqs. (5.99) and (5.100), the important point
is that both of them lead to constraints on the vacuum hosting the Boltzmann brain.
For example, the Boltzmann brain stabilized by gravitational attraction can be
produced at a rate approaching e-IBB only if IBB ~ H 2 . For a given value of
IBB, say IBB - 1016 (see the discussion below), this result applies only to vacua
with a particular vacuum energy, A - 10-16. Similarly, according to Eq. (5.100), for
Boltzmann brains with IBB - 1016 contained inside a domain wall in a vacuum with
A 10-120, the Bekenstein bound on T7BB cannot be reached unless the tension of
the domain wall is incredibly small, a ~ 10~164. Thus, the maximal Boltzmann brain
production rate - e -IBB saturating the Bekenstein bound cannot be reached unless
Boltzmann brains are produced on a narrow hypersurface in the landscape.
This conclusion by itself does not eliminate the danger of a rapid Boltzmann brain
production rate, FBB ~ e-IBB. Given the vast number of vacua in the landscape, it
seems plausible that this bound could actually be met. If this is the case, Eq. (5.97)
offers a stunning increase over previous estimates of FBB.
Setting aside the issue of Boltzmann brain stability, one can also question the
assumption of Bekenstein bound saturation that is necessary to achieve the rather
high nucleation rate that is indicated by Eq. (5.97). Of course black holes saturate
this bound, but we assume that a black hole cannot think. Even if a black hole can
8The possibility of a black hole computer is not excluded, however, and has been considered in
Ref. [102]. Nonetheless, if black holes can compute, our conclusions would not be changed, provided
that the Bekenstein bound can be saturated for the near-black hole computers that we discuss. At
this level of approximation, there would be no significant difference between a black hole computer
and a near-black hole computer.
think, it would still be an open question whether this information processing could
make use of a substantial fraction of the degrees of freedom associated with the black
hole entropy. A variety of other physical systems are considered in Ref. [105], where
the validity of Sm,(E) < 27rER is studied as a function of energy E. In all cases,
the bound is saturated in a limit where Sma, = 0(1). Meanwhile, as we shall argue
below, the required value of Sma should be greater than 1016.
The present authors are aware of only one example of a physical system that may
saturate the Bekenstein bound and at the same time store sufficient information I
to emulate a human brain. This may happen if the total number of particle species
with mass smaller than HA is greater than IBB ?> 1016. No realistic examples of
such theories are known to us, although some authors have speculated about similar
possibilities [1061.
If Boltzmann brains cannot saturate the Bekenstein bound, they will be more
massive than indicated in Eq. (5.96), and their rate of production will be smaller
than e-IBB
To put another possible bound on the probability of Boltzmann brain production,
let us analyze a simple model based on an ideal gas of massless particles. Dropping
all numerical factors, we consider a box of size R filled with a gas with maximum
entropy Sma = (RT)3 and energy E = R 3T4 = Sk1Q/R, where T is the temperature
and we assume there is not an enormous number of particle species. The probability
of its creation can be estimated as follows:
EBB - ee e SBB HAR (5.101)
where we have neglected the Boltzmann brain entropy factor, since SBB Smax <
Sa. This probability is maximized by taking R ~ H- 1 ,which yields
EBB -- (5.102)
In case the full information capacity of the gas is used, one can also write
FBB r e 'BB (5.103)
For IBB >1, this estimate leads to a much stronger suppression of Boltzmann brain
production as compared to our previous estimate, Eq. (5.97).
Of course, such a hot gas of massless particles cannot think - indeed it is not
stable in the sense outlined below Eq. (5.97) - so we must add more parts to this
construction. Yet it seems likely that this will only decrease the Boltzmann brain
production rate. As a partial test of this conjecture, one can easily check that if
instead of a gas of massless particles we consider a gas of massive particles, the
resulting suppression of Boltzmann brain production will be stronger. Therefore in
our subsequent estimates we shall assume that Eq. (5.103) represents our next "line
of defense" against the possibility of Boltzmann brain domination, after the one given
by Eq. (5.97).
Having related l'BB to the information content IBB of the brain, we now need to
estimate IBB- How much information storage must a computer have to be able to
perform all the functions of the human brain? Since no one can write a computer
program that comes close to imitating a human brain, this is not an easy question to
answer.
One way to proceed is to examine the human brain, with the goal of estimating
its capacities based on its biological structure. The human brain contains ~ 101
synapses that may in principle connect to any of ~ 1011 neurons [107], suggesting
that its information content9 might be roughly IBB - 1015116. (We are assuming
here that the logical functions of the brain depend on the connections among neurons,
and not for example on their precise locations, cellular structures, or other information
that might be necessary to actually construct a brain.) A minimal Boltzmann brain
is only required to simulate the workings of a real brain for about a second, but with
neurons firing typically at 10 to 100 times a second, it is plausible that a substantial
fraction of the brain is needed even for only one second of activity. Of course the
actual number of required bits might be somewhat less.
An alternative approach is to try to determine how much information the brain
processes, even if one does not understand much about what the processing involves.
In Ref. [108], Landauer attempted to estimate the total content of a person's long-
term memory, using a variety of experiments. He concluded that a person remembers
only about 2 bits/second, for a lifetime total in the vicinity of 10 bits. In a subsequent
paper [109], however, he emphatically denied that this number is relevant to the
information requirements of a "real or theoretical cognitive processor," because such
a device "would have so much more to do than simply record new information."
Besides long-term memory, one might be interested in the total amount of informa-
tion a person receives but does not memorize. A substantial part of this information
is visual; it can be estimated by the information stored on high definition DVDs
watched continuously on several monitors over the span of a hundred years. The
total information received would be about 1016 bits.
Since this number is similar to the number obtained above by counting synapses, it
is probably as good an estimate as we can make for a minimal Boltzmann brain. If the
Bekenstein bound can be saturated, then the estimated Boltmann brain nucleation
rate for the most favorable vacua in the landscape would be given by Eq. (5.97):
FBB <e10 6 . (5.104)
If, however, the Bekenstein bound cannot be reached for systems with IBB > 1, then
it might be more accurate to use instead the ideal gas model of Eq. (5.103), yielding
FBB < e-102 . (5.105)
Obviously, there are many uncertainties involved in the numerical estimates of the
required value of IBB. Our estimate IBB- 1016 concerns the information stored in the
human brain that appears to be relevant for cognition. It certainly does not include
9Note that the specification of one out of 1011 neurons requires log2 (1011) = 36.5 bits.
all the information that would be needed to physically construct a human brain, and
it therefore does not allow for the information that might be needed to physically
construct a device that could emulate the human brain. 10 It is also possible that
extra mass might be required for the mechanical structure of the emulator, to provide
the analogues of a computer's wires, insulation, cooling systems, etc. On the other
hand, it is conceivable that a Boltzmann brain can be relevant even if it has fewer
capabilities than what we called the minimal Boltzmann brain. In particular, if our
main requirement is that the Boltzmann brain is to have the same "perceptions" as
a human brain for just one second, then one may argue that this can be achieved
using much less than 1014 synapses. And if one decreases the required time to a much
smaller value required for a single computation to be performed by a human brain,
the required amount of information stored in a Boltzmann brain may become many
orders of magnitude smaller than 10".
We find that regardless of how one estimates the information in a human brain,
if Boltzmann brains can be constructed so as to come near the limit of Eq. (5.97),
their nucleation rate would provide stringent requirements on vacuum decay rates in
the landscape. On the other hand, if no such physical construction exists, we are left
with the less dangerous bound of Eq. (5.103), perhaps even further softened by the
speculations described in Footnote 10. Note that none of these bounds is based upon
a realistic model of a Boltzmann brain. For example, the nucleation of an actual
human brain is estimated at the vastly smaller rate of Eq. (5.91). The conclusions of
this paragraph apply to the causal patch measures [16, 17 as well as the scale-factor
cutoff measure.
In Section 5.1 we discussed the possibility of Boltzmann brain production during
reheating, stating that this process would not be a danger. We postponed the nu-
merical discussion, however, so we now return to that issue. According to Eq. (5.12),
the multiverse will be safe from Boltzmann brains formed during reheating provided
10That is, the actual construction of a brain-like device would presumably require large amounts
of information that are not part of the schematic "circuit diagram" of the brain. Thus there may be
some significance to the fact that a billion years of evolution on Earth has not produced a human
brain with fewer than about 1027 particles, and hence of order 1027 units of entropy. In counting
the information in the synapses, for example, we counted only the information needed to specify
which neurons are connected to which, but nothing about the actual path of the axons and dendrites
that complete the connections. These are nothing like nearest-neighbor couplings, but instead axons
from a single neuron can traverse large fractions of the brain, resulting in an extremely intertwined
network [110]. To specify even the topology of these connections, still ignoring the precise locations,
could involve much more than 1016 bits. For example, the synaptic "wiring" that connects the
neurons will in many cases form closed loops. A specification of the connections would presumably
require a topological winding number for every pair of closed loops in the network. The number of
bits required to specify these winding numbers would be proportional to the square of the number
of closed loops, which would be proportional to the square of the number of synapses. Thus, the
structural information could be something like struct ~ bx 1028, where b is a proportionality constant
that is probably a few orders of magnitude less than 1. In estimating the resulting suppression of
the nucleation rate, there is one further complication: since structural information of this sort
presumably has no influence on brain function, these choices would contribute to the multiplicity of
Boltzmann brain microstates, thereby multiplying the nucleation rate by elstruct. There would still
be a net suppression, however, with Eq. (5.97) leading to 'BB oC e-(a1)Itruct, where a is generically
greater than 1. See Appendix C for further discussion of the value of a.
that
Freheat,ik rheat,ik O (5.106)
holds for every pair of vacua i and k, where FB eatik is the peak Boltzmann brain
nucleation rate in a pocket of vacuum i that forms in a parent vacuum of type k,
reat,ik he proper time available for such nucleation, and nNO is the volume
density of normal observers in these pockets, working in the approximation that all
observers form at the same time.
Compared to the previous discussion about late-time de Sitter space nucleation,
here FBeat,ik can be much larger, since the temperature during reheating can be
much larger than HA. On the other hand, safety from Boltzmann brains requires the
late-time nucleation rate to be small compared to the potentially very small vacuum
decay rates, while in this case the quantity on the right-hand side of Eq. (5.106) is
not exceptionally small. In discussing this issue, we shall consider in sequence three
descriptions of the Boltzmann brain: a human-like brain, a near-black hole computer,
and a diffuse computer.
The nucleation of human-like Boltzmann brains during reheating was discussed in
Ref. [91], where it was pointed out that such brains could not function at temperatures
much higher than 300 K, and that the nucleation rate for a 100 kg object at this
temperature is - exp(--1040). This suppression is clearly more than enough to
ensure that Eq. (5.106) is satisfied.
For a near-black hole computer with IBB ~ SBB,max ~10, the minimum mass is
600 grams. If we assume that the reheat temperature is no more than the reduced
Planck mass, mPlanck = 1//87rG ~ 2.4 x 1018 GeV ~ 4.3 x 10-6 gram, we find
that preheat < exp (-\ 2IBB) ~ exp(-108 ). Although this is not nearly as much
suppression as in the previous case, it is clearly enough to guarantee that Eq. (5.106)
will be satisfied.
For the diffuse computer, we can consider an ideal gas of massless particles, as
discussed in Eqs. (5.101)-(5.103). The system would have approximately Smax par-
ticles, and a total energy of E Srx/R, so the Boltzmann suppression factor is
exp [--Smai/ (R Treheat) - The Boltzmann brain production can occur at any time dur-
ing the reheating process, so there is nothing wrong with considering Boltzmann brain
production in our universe at the present time. For Treheat= 2.7 K and Smax = 1016,
this formula implies that the exponent has magnitude 1 for R = 4/3 T' 200
light-years. Thus, the formula suggests that diffuse-gas-cloud Boltzmann brains of
radius 200 light-years can be thermally produced in our universe, at the present time,
without suppression! If this estimate were valid, then Boltzmann brains would almost
certainly dominate the universe.
We argue, however, that the gas clouds described above would have no possibility
of computing, because the thermal noise would preclude any storage or transfer of
information. The entire device has energy of order E ~ Treheat, which is divided
among approximately 1016 massless particles. The mean particle energy is therefore
1016 times smaller than that of the thermal particles in the background radiation, and
the density of Boltzmann brain particles is 1048 times smaller than the background. To
function, it seems reasonable that the diffuse computer needs an energy per particle
that is at least comparable to the background, which means that the suppression
factor is exp(-10 16) or smaller. Thus, we conclude that for all three cases, the ratio
of Boltzmann brains to normal observers is totally negligible.
Finally, let us also mention the possibility that Boltzmann brains might form
in stable Minkowski vacua. Quantum fluctuations in Minkowski space are certainly
less classical than in de Sitter space, but they still might be relevant. If IPBB is
nonzero in such vacua, regardless of how small it might be, Boltzmann brains will
always dominate in the scale-factor cutoff measure as we have defined it. Even if
Minkowski vacua cannot support Boltzmann brains, there might still be a serious
problem with what might be called "Boltzmann islands." That is, it is conceivable
that a fluctuation in a Minkowski vacuum can produce a small region of an anthropic
vacuum with a Boltzmann brain inside it. If such a process has a nonvanishing
probability to occur, it will also give rise to Boltzmann brain domination in the scale-
factor cutoff measure. These problems would be shared by all measures that assign
an infinite weight to stable Minkowski vacua. Fortunately, the estimates of thermal
Boltzmann brain nucleation rates in de Sitter space approach zero in the Minkowski
space limit A -> 0, so the issue of Boltzmann brains formed by quantum fluctuations
in Minkowski space can be set aside for later study. Hopefully the vague idea that
these fluctuations are less classical than de Sitter space fluctuations can be promoted
into a persuasive argument that they are not relevant.
5.3.2 Vacuum decay rates
One of the most developed approaches to the string landscape scenario is based on
the KKLT construction [111]. In this construction, one begins by finding a set of
stabilized supersymmetric AdS and Minkowski vacua. After that, an uplifting is
performed, e.g. by adding a D3 brane at the tip of a conifold [111]. This uplifting
makes the vacuum energy density of some of these vacua positive (AdS -> dS), but
in general many vacua remain AdS, and the Minkowski vacuum corresponding to the
uncompactified 10d space does not become uplifted. The enormous number of the
vacua in the landscape appears because of the large number of different topologies of
the compactified space, and the large number of different fluxes and branes associated
with it.
There are many ways in which our low-energy dS vacuum may decay. First of all,
it can always decay into the Minkowski vacuum corresponding to the uncompactified
10d space [111]. It can also decay to one of the AdS vacua corresponding to the
same set of branes and fluxes [112]. More generally, decays occur due to the jumps
between vacua with different fluxes, or due to the brane-flux annihilation [113, 114,
115, 116, 117, 118, 104, 1191, and may be accompanied by a change in the number
of compact dimensions [120, 121, 122]. If one does not take into account vacuum
stabilization, these transitions are relatively easy to analyze [113, 114, 115]. However,
in the realistic situations where the moduli fields are determined by fluxes, branes,
etc., these transitions involve a simultaneous change of fluxes and various moduli
fields, which makes a detailed analysis of the tunneling quite complicated.
Therefore, we begin with an investigation of the simplest decay modes due to the
scalar field tunneling. The transition to the 10d Minkowski vacuum was analyzed in
Ref. [111], where it was shown that the decay rate K is always greater than
K > e-SD = exp -24 ) (5.107)
Here SD is the entropy of dS space. For our vacuum, SD _ 10120, which yields
r _> e-SD ~ exp (-10O) . (5.108)
Because of the inequality in Eq. (5.107), we expect the slowest-decaying vacua to
typically be those with very small vacuum energies, with the dominant vacuum energy
density possibly being much smaller than the value in our universe.
The decay to AdS space (or, more accurately, a decay to a collapsing open universe
with a negative cosmological constant) was studied in Ref. [112]. The results of
Ref. [112] are based on investigation of BPS and near-BPS domain walls in string
theory, generalizing the results previously obtained in .N = 1 supergravity [123, 124,
125, 126]. Here we briefly summarize the main results obtained in Ref. [112].
Consider, for simplicity, the situation where the tunneling occurs between two
vacua with very small vacuum energies. For the sake of argument, let us first ignore
the gravitational effects. Then the tunneling always takes place, as long as one vacuum
has higher vacuum energy than the other. In the limit when the difference between
the vacuum energies goes to zero, the radius of the bubble of the new vacuum becomes
infinitely large, R -+ oo (the thin-wall limit). In this limit, the bubble wall becomes
flat, and its initial acceleration, at the moment when the bubble forms, vanishes.
Therefore to find the tension of the domain wall in the thin wall approximation one
should solve an equation for the scalar field describing a static domain wall separating
the two vacua.
If the difference between the values of the scalar potential in the two minima is
too small, and at least one of them is AdS, then the tunneling between them may be
forbidden because of the gravitational effects [6]. In particular, all supersymmetric
vacua, including all KKLT vacua prior to the uplifting, are absolutely stable even if
other vacua with lower energy density are available [127, 128, 129, 130].
It is tempting to make a closely related but opposite statement: non-super-
symmetric vacua are always unstable. However, this is not always the case. In
order to study tunneling while taking account of supersymmetry (SUSY), one may
start with two different supersymmetric vacua in two different parts of the universe
and find a BPS domain wall separating them. One can show that if the superpo-
tential does not change its sign on the way from one vacuum to the other, then this
domain wall plays the same role as the flat domain wall in the no-gravity case dis-
cussed above: it corresponds to the wall of the bubble that can be formed once the
supersymmetry is broken in either of the two minima. However, if the superpotential
does change its sign, then only a sufficiently large supersymmetry breaking will lead
to the tunneling [123, 112].
One should keep this fact in mind, but since we are discussing a landscape with an
extremely large number of vacua, in what follows we assume that there is at least one
direction in which the superpotential does not change its sign on the way from one
minimum to another. In what follows we describe tunneling in one such direction.
Furthermore, we assume that at least some of the AdS vacua to which our dS vacuum
may decay are uplifted much less than our vacuum. This is a generic situation, since
the uplifting depends on the value of the volume modulus, which takes different values
in each vacuum.
In this case the decay rate of a dS vacuum with low energy density and broken
supersymmetry can be estimated as follows [112, 1311:
( 81r2a\
K ~,. exp - 2 , (5.109)
3m32
where M3/ 2 is the gravitino mass in that vacuum and a is a quantity that depends
on the parameters of the potential. Generically one can expect a = 0(1), but it can
also be much greater or much smaller than 0(1). The mass m3/ 2 is set by the scale
of SUSY breaking,
3/2 = AUSY ,(5.110)
where we recall that we use reduced Planck units, 8irG = 1. Therefore the decay rate
can be also represented in terms of the SUSY-breaking scale Asusy:
I24xr2 a
r ~ exp 2A4  ) , (5.111)
(-SUSY
Note that in the KKLT theory, A corresponds to the depth of the AdS vacuum
before the uplifting, so that
S~ exp -42 . (5.112)
|-IVAdSI
In this form, the result for the tunneling looks very similar to the lower bound on the
decay rate of a dS vacuum, Eq. (5.107), with the obvious replacements a - 1 and
IVAdSI - VdS-
Let us apply this result to the question of vacuum decay in our universe. Clearly,
the implications of Eq. (5.111) depend on the details of SUSY phenomenology. The
standard requirement that the gaugino mass and the scalar masses are 0(1) TeV
leads to the lower bound
AsUsY > 104-10 5 GeV , (5.113)
which can be reached, e.g., in the models of conformal gauge mediation [132]. This
implies that for our vacuum
Kour > exp(-10 5 6)-exp(-10 60 ). (5.114)
Using Eq. (5.85), the Boltzmann brain nucleation rate in our universe exceeds the
lower bound of the above inequality only if M < 10--' kg.
On the other hand, one can imagine universes very similar to ours except with
much larger vacuum energy densities. The vacuum decay rate of Eq. (5.109) exceeds
the Boltzmann brain nucleation rate of Eq. (5.85) when
(1m3/2 ) 2 ( M H > 109a. (5.115)
\10-2 eV) / 1 kg) 108 M )~
Note that HK' ~ 108 m corresponds to the smallest de Sitter radius for which the
tidal force on a 10 cm brain does not exceed the gravitational force on the surface of
the earth, while m3/ 2 ~ 10-2 eV corresponds to Asusy ~ 104 GeV. Thus, it appears
the decay rate of Eq. (5.109) allows for Boltzmann brain domination.
However, we do not really know whether the models with low Asusy can suc-
cessfully describe our world. To mention one potential problem: in models of string
inflation there is a generic constraint that during the last stage of inflation one has
H ,< M3/ 2 [133]. If we assume the second and third factors of Eq. (5.115) cannot
be made much less than unity, then we only require m3/ 2 > 0(102) eV to avoid
Boltzmann brain domination. While models of string inflation with H < 100 eV are
not entirely impossible in the string landscape, they are extremely difficult to con-
struct [134]. If instead of Asusy - 104 GeV one uses Asusy ~ 10" GeV, as in models
with gravity mediation, one finds m3/ 2 ~ 103 GeV and Eq. (5.115) is easily satisfied.
These arguments apply when supersymmetry violation is as large or larger than
in our universe. If supersymmetry violation is too small, atomic systems are unsta-
ble [135], the masses of some of the particles will change dramatically, etc. However,
the Boltzmann computers described in the previous subsection do not necessarily
rely on laws of physics similar to those in our universe (in fact, they seem to require
very different laws of physics). The present authors are unaware of an argument that
supersymmetry breaking must be so strong that vacuum decay is always faster than
the Boltzmann brain production rate of Eq. (5.104).
On the other hand, up to this point we have used the estimates of the vacuum
decay rate that were obtained in Refs. [112, 131] by investigation of the transition
where only moduli fields changed. As we have already mentioned, the description of
a more general class of transitions involving the change of branes or fluxes is much
more complicated. Investigation of such processes, performed in Refs. [116, 117, 104],
indicates that the process of vacuum decay for any vacuum in the KKLT scenario
should be rather fast,
, ,> exp(-1022) . (5.116)
The results of Refs. [116, 117, 104], like the results of Refs. [112, 131], are not
completely generic. In particular, the investigations of Refs. [116, 117, 104] apply to
the original version of the KKLT scenario, where the uplifting of the AdS vacuum
occurs due to D3 branes, but not to its generalization proposed in Ref. [136], where the
uplifting is achieved due to D7 branes. Neither does it apply to the recent version of dS
stabilization proposed in Ref. [137]. Nevertheless, the results of Refs. [116, 117, 104]
show that the decay rate of dS vacua in the landscape can be quite large. The rate
rl,> exp(-1022) is much greater than the expected rate of Boltzmann brain production
given by Eq. (5.91). However, it is just a bit smaller than the bosonic gas Boltzmann
brain production rate of Eq. (5.105) and much smaller than our most dangerous upper
bound on the Boltzmann brain production rate, given by Eq. (5.104).
5.4 Conclusions
In this Chapter, we have calculated the ratio of the total number of Boltzmann brains
to the number of normal observers, using the scale-factor cutoff.
The general conditions under which Boltzmann brain domination is avoided were
discussed in Subsection 5.2.6, where we described several alternative criteria that
can be used to ensure safety from Boltzmann brains. We also explored a set of
assumptions that allow one to state conditions that are both necessary and sufficient
to avoid Boltzmann brain domination. One relatively simple way to ensure safety from
Boltzmann brains is to require two conditions: (1) in any vacuum, the Boltzmann
brain nucleation rate must be less than the decay rate of that vacuum, and (2) for
any anthropic vacuum j with a decay rate r~ q, and for any non-anthropic vacuum
j, one must construct a sequence of transitions from j to an anthropic vacuum; if the
sequence includes suppressed upward jumps, then the Boltzmann brain nucleation
rate in vacuum j must be less than the decay rate of vacuum j times the product of
all the suppressed branching ratios Bup that appear in the sequence. The condition
(2) might not be too difficult to satisfy, since it will generically involve only states with
very low vacuum energy densities, which are likely to be nearly supersymmetric and
therefore unlikely to support the complex structures needed for Boltzmann brains or
normal observers. Condition (2) can also be satisfied if there is no unique dominant
vacuum, but instead a dominant vacuum system that consists of a set of nearly
degenerate states, some of which are anthropic, which undergo rapid transitions to
each other, but only slow transitions to other states. The condition (1) is perhaps
more difficult to satisfy. Although nearly-supersymmetric string vacua can in principle
be long-lived [123, 124, 125, 126, 111, 1121, with decay rates possibly much smaller
than the Boltzmann brain nucleation rate, recent investigations suggest that other
decay channels may evade this problem [116, 117, 1041. However, the decay processes
studied in [123, 124, 125, 126, 111, 112, 116, 117, 104) do not describe some of
the situations which are possible in the string theory landscape, and the strongest
constraints on the decay rate obtained in [104 are still insufficient to guarantee that
the vacuum decay rate is always smaller than the fastest estimate of the Boltzmann
brain production rate, Eq. (5.104).
One must emphasize that we are discussing a rapidly developing field of knowledge.
Our estimates of the Boltzmann brain production rate are exponentially sensitive to
our understanding of what exactly the Boltzmann brain is. Similarly, the estimates of
the decay rate in the landscape became possible only five years ago, and this subject
certainly is going to evolve. Therefore we shall mention here two logical possibilities
which may emerge as a result of the further investigation of these issues.
If further investigation will demonstrate that the Boltzmann brain production
rate is always smaller than the vacuum decay rate in the landscape, the probability
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measure that we are investigating in this Chapter will be shown not to suffer from the
Boltzmann brain problem. Conversely, if one believes that this measure is correct,
the fastest Boltzmann brain production rate will give us a rather strong lower bound
on the decay rate of the metastable vacua in the landscape. We expect that similar
conclusions with respect to the Boltzmann brain problem should be valid for the
causal-patch measures [16, 17].
On the other hand, if we do not find a sufficiently convincing theoretical reason to
believe that the vacuum decay rate in all vacua in the landscape is always greater than
the fastest Boltzmann brain production rate, this would motivate the consideration
of other probability measures where the Boltzmann brain problem can be solved even
if the probability of their production is not strongly suppressed.
In any case, our present understanding of the Boltzmann brain problem does not
rule out the scale-factor cutoff measure, but the situation remains uncertain.
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Chapter 6
Conclusions
Inflation is generically eternal, with the physical volume of inflating regions increasing
exponentially with time and "bubble universes" like ours constantly nucleating out of
the inflating false vacuum. The problem of defining a consistent way to regulate the
infinities in an eternally inflating multiverse is known as the measure problem, which
has been the subject of this thesis. We have introduced our proposal, the scale-factor
cutoff measure, and studied some of its properties and consequences. We shall now
summarize what we have learned about this measure.
First of all we have shown that the scale-factor cutoff does not suffer from patholo-
gies that plague other proposed measures, namely the "youngness problem" and the
"Q catastrophe".
Then we turned to calculate the probability distributions for two quantities vary-
ing in the multiverse: the cosmological constant and the curvature parameter. For
A > 0, we adopted the standard assumption that the number of observers is pro-
portional to the fraction of matter clustered in halos of mass greater than 10"Mo,
and allowed a fixed proper time interval AT = 5 x 10' years for the evolution of
observers in such halos. For A < 0, we considered two possibilities for the formation
of observers in the contracting phase, which probably bracket the range of reasonable
possibilities. Our results show that, the observed value of A is within one or two
standard deviations from the mean, depending on the assumptions for the formation
of observers in negative-A universes, and whether one uses the local or the nonlocal
version of the scale-factor cutoff. We have verified that our results are robust with
respect to changing the parameters MG and AT. As for the curvature parameter
Qk, one of the features of the scale-factor cutoff measure is that it does not reward
bubbles for having a longer duration of slow-roll inflation. This raises the possibility
that Ne may not be too much larger than is needed to pave the way for structure
formation, and therefore that Q2 may be large enough to distinguish from the value
expected from cosmic variance, ~ 10- 5.
Finally, we have addressed the theoretical issue of avoiding an unacceptable dom-
ination of Boltzmann brains over normal observers. We have calculated the ratio
of the total number of Boltzmann brains to the number of normal observers, us-
ing the scale-factor cutoff and stated the general conditions under which Boltzmann
brain domination is avoided. We also explored a set of assumptions that allow one
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to state conditions that are both necessary and sufficient to avoid Boltzmann brain
domination.
We believe the scale-factor cutoff measure is a promising candidate solution to
one of the fundamental issues of theoretical cosmology.
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Appendix A
Independence of the Initial State
In Chapter 3 we assumed that the landscape is irreducible, so that any vacuum is
accessible through quantum diffusion or bubble nucleation from any other (de Sitter)
vacuum. If instead the landscape splits into several disconnected sectors, the scale-
factor cutoff can be used to find the probability distributions p A) in each of the sectors
(labeled by A). These distributions are determined by the dominant eigenstates of the
master equation, which correspond to the largest eigenvalues -YA, and are independent
of the choice of the initial hypersurfaces EA that are used in implementing the scale-
factor cutoff. But the question still remains, how do we compare the probabilities of
vacua belonging to different sectors?
Since different sectors are inaccessible from one another, the probability PA of
being in a given sector must depend on the initial state of the universe. For definite-
ness, we shall assume here that the initial state is determined by the wave function
of the universe, although most of the following discussion should apply to any theory
of initial conditions. According to both tunneling [138] and Hartle-Hawking [139]
proposals for the wave function, the universe starts as a 3-sphere S0 filled with some
positive-energy vacuum a. The radius of the 3-sphere is r_ - H-,' where H0 is the
de Sitter expansion rate. The corresponding nucleation probability is
Pi") oc exp i , (A.1)
where the upper sign is for the Hartle-Hawking and the lower is for the tunneling
wave function. Once the universe has nucleated, it immediately enters de Sitter
inflationary expansion, transitions from a to other vacua, and populates the entire
sector of the landscape to which the vacuum a belongs. We thus have an ensemble of
eternally inflating universes with initial conditions at 3-surfaces S" and the probability
distribution P(', given by Eq. (A.1).
If the landscape were not disconnected, we could apply the scale factor cutoff
measure to any single component a of the initial wave function, and the result would
be the same in all cases. To generalize the scale-factor cutoff measure to the discon-
nected landscape, the most straightforward prescription is to apply the scale factor
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cutoff directly to the initial probability ensemble. In that case,
P,A oc lim E Pha) N, tc)( . (A.2)tc--oo a6 d A
aEA
Here,
NIf")(tc) = R A)pA) ( Ate (A.3)
is the number of relevant observations in the entire closed universe, starting from the
hypersurface S,, with a cutoff at scale-factor time tc. The R(A) are determined by the
initial volume of the 3-surface S., and also by the efficiency with which this initial
state couples to the leading eigenvector of Eq. (2.16). In other words, the j(c)
are calculated using Sa as the initial hypersurface EA. Note that only the overall
normalization of N,") depends on the initial vacuum a; the relative probabilities
of different vacua in the sector do not. In the limit of t, -+ oo, only the sectors
corresponding to the largest of all dominant eigenvalues, ymax = max{yA}, have a
nonzero probability. If there is only one sector with this eigenvalue, this selects the
sector uniquely.
Since the issue of initial state dependence is new, one might entertain an alterna-
tive method of dealing with the issue, in which the probability PA for each sector is
determined immediately by the initial state, with
PAo ZPI. (A.4)
aEA
Then one could calculate any probability of interest within each sector, using the
standard scale factor cutoff method, and weight the different sectors by PA. However,
although this prescription is well-defined, we would advocate the first method that we
described as the natural extension of the scale factor cutoff measure. First, it seems
to be more closely related to the description of the scale-factor cutoff measure in a
connected landscape: the only change is to replace the initial state by an ensemble of
states, determined in principle by one's theory of the initial wave function. Second,
in a toy theory, one could imagine approaching a disconnected landscape from a
connected one, by gradually decreasing all the cross-sector tunneling rates to zero.
In that case, the limit clearly corresponds to the first description, where one sector is
selected uniquely if it has the largest dominant eigenvalue.
Assuming the first of these prescriptions, the conclusion is that the probability
distribution (A.2) defined by the scale-factor measure is essentially independent of
the initial distribution (A.1). Some dependence on P(") survives only in a restricted
class of models where the landscape splits into a number of sectors with strictly
zero probability of transitions between them and, in addition, where the maximum
eigenvalue y is degenerate. Even then, this dependence is limited to the relative
probability of the sectors characterized by the eigenvalue 7m..
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Appendix B
The Collapse Density Threshold 6c
The collapse density threshold oc is determined by comparing the linearized evolution
of matter perturbations with the nonlinear evolution of a spherical top-hat density
perturbation, which can be treated as a closed FRW universe. The collapse density
threshold &c(T) is defined as the amplitude reached by the linear evolution of an
overdensity 6 = pi/pm that has the same initial amplitude as a top-hat density
perturbation that collapses to a singularity in proper time r. In a matter-dominated
universe with zero cosmological constant, oc is a constant; however, it is well known
that oc depends on the collapse time when A is nonzero (see e.g. Refs. [66, 67]). In
this appendix we first outline the calculation of the time evolution of 6c, then display
the results for positive and negative A, and finally describe how we apply it in our
analysis of the collapse fraction F of Eq. (3.7).
As suggested by the definition above, both linear and nonlinear analyses are in-
volved at different stages of the calculation of the collapse density. Arbitrarily small
perturbations obey linearized equations of motion, and their evolution defines the
linear growth function GA(r):
6(T) oc GA(T), (B.1)
where GA (T) is normalized so that the behavior for small r is given by GA (T)
(3HAT/2) 2/ 3 , where HA = I|AI/3. The exact nonlinear analysis is used to determine
the time at which an overdensity with a given initial amplitude will collapse to a
singularity. For simplicity, this is worked out for the "top-hat" model, where the
overdensity is assumed to be uniform and spherically symmetric. Such a region is
embedded in a flat FRW universe containing only non-relativistic matter and cosmo-
logical constant.
By Birkhoff's theorem, the evolution of the spherical overdensity is equivalent to
that of a closed FRW universe. The Friedmann equation for a closed FRW universe,
with scale factor a, may be written as:
H 2 _HA2B(K) KH2 = H sign(A) + a3 , (B.2)
where H = dlna/dT = d/a and B(i) is an arbitrary quantity that fixes the nor-
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malization of a. We will always choose B(O) = 1, so for K= 0 the scale factor is
normalized in such a way that pm = |PA I at a = 1, where PA = A/(87r) is the vacuum
energy density.
Let us first focus our attention on the evolution of a linearized density perturbation
in a flat FRW universe with positive cosmological constant; the case with negative
cosmological constant proceeds similarly. Consider a closed FRW universe obtained
by "perturbing" the flat universe with a small curvature term 6. The proper time
parameter ' in such a universe, as a function of the scale factor, is given by an
expansion with respect to the flat background: fi(a) = T(a) + 6r(a), where to linear
order in 6,
6K v/a7 [d' - g() da'6r(a) = .d [d (B.3)
2HA o (1+ 3)3/2
The scale factor of the closed universe is obtained by inverting the function 'i(a):
,(r) = a(r) - i(r) -r(a(T)) . (B.4)
As mentioned above, the evolution of this closed FRW universe also gives the evolution
of a small density perturbation. Using pm = (3/87r)HAB(K)/a 3 , one has
-opm 6a dB dB6 3 + d (0) = 3H6T + -(0), (B.5)
pmn a dK dK
where the last equality follows from Eq. (B.4). From here on, unless noted otherwise,
we normalize a so that B(r,) = 1. It is convenient to introduce the "time" variable
x= =a , (B.6)
Pm
for both choices of the sign of A. To be consistent with Eq. (B.2), the solutions for
K = 0 are not normalized as in Eq. (3.4), but instead are given by
) sinh2/3 (HAT) for A > 0
sin2 /3 (2HAr) for A < 0.
We can then find the evolution function 6(x) from Eq. (B.5), using Eq. (B.3) and also
Eq. (B.2) with K = 0:
1(1)x dy
2 x 0 y1/6(1 + y) 3/2
3
= - 6KG+ (x), (B.8)
5
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where the linear growth function (for A > 0),
5 1 f' d
G+(x) = -11 + 1fx y(B.9)6 x J y1/6(1+y) 3 / 2
is normalized so that the behavior for small x is given by G+ (x) - x1/3 = a
(3HAT/2) 2 / 3 .
In the A < 0 case, the calculation proceeds along the same steps as before and the
formula (B.8) is indeed valid also for negative A, after replacing the growth function
with G (x). This function now has two branches G- (x) and G- (x), corresponding to
the expanding and contracting phases of the universe, respectively. The first branch
of the growth function introduces no new complications, and is found to be
51 __dy
G- (x) = - - 1  dy (B.10)6 x y 1/6(1 -y) 3 /2
For the second branch, the integration is first performed over the whole history of the
universe, from x = 0 to x = 1 and back to x = 0, and then one integrates back to
the value of interest x. There is a complication, however, because for this case the
denominator in Eq. (B.3) is (1 - a' 3)3/2 , so the integral diverges when the upper limit
is equal to 1. The cause of the problem is that for 6K = 0, am, is no longer equal to
1. A simple cure is to choose B(rc) = 1+ r, for this case, which ensures that ama = 1
for any r,, and which correspondingly provides an additional term in Eq. (B.3) which
causes the integral to converge. After some manipulation of the integrals, the result
can be written as
5 T7 1 49/7f (Q) + I dy
G- (x) =/1+26 x () ± y1 /6(-y) 3 /2
(B.11)
The time dependence of the linear growth functions can be made explicit by expressing
x as a function of T, through Eqs. (B.6) and (B.7).
In practice, we carry out our calculations using fitting functions for the growth
functions, which were devised by Peacock [61], and which are accurate to better than
0.1%. These give
G+(T) tanh2/3 ( HA-r) 1 - tanh.27(HA)].82
+1.437 H2/ 3 I - cosh-4/3(QHAr) (B.12)
G-~(-r) ~(IHAr) 2 / 3 [1 + 0.37 (T/Tcrunch) 2 1 1] (T/Tcrunch 2  1 , (B.13)
for the cases A > 0 and A < 0, respectively, where the latter fitting formula is valid
for both branches.
We are now prepared to set the calculation of 6c. Since the universe in Eq. (B.2)
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can be viewed as a "perturbation" over a flat universe with on = K, the time evolution
of the overdensity is described in general by
3
6(T) = -r GA(r). (B.14)5
The quantity (3/5), a quantifies the size of the initial inhomogeneity.
In order to find the time at which the spherical overdensity collapses, it is con-
venient to determine the time of turnaround rturn, corresponding to when H = 0.
The time of collapse is then given by 2 rturn. The turnaround time is obtained by
integrating Eq. (B.2), choosing B = 1:
HATturn(K) = aturn(K) ,/ada, (B.15)Jo /sign(A) a3 - r, a +1
where the scale factor at turnaround aturn corresponds to the smallest positive solution
of
sign(A) asurn - K aturn + 1 = 0. (B.16)
For positive A, the universe will collapse only if K > Kmin = 3/22/3; for negative A,
perturbations that collapse before the universe has crunched have , > 0.
The numerical evaluation of the integral in Eq. (B.15) allows one the extract the
function turn(K), which can be inverted to give Kturn(T), expressing the value of K that
leads to turnaround at time r. Finally, the collapse density threshold as a function
of the time of collapse is read from Eq. (B.14):
6,(r) = -sturn(r/2) GA(T). (B.17)
5
In the limits of small and large collapse times the above procedure can be carried
out analytically to find the limiting values of 6,. Let us consider first the large-time
regime, corresponding to small K. In the case A > 0, the smallest K allowed is Kmin;
therefore
3
oo min G(oo) 1.629, (B.18)5 A
where Gk(oo) = G+(oo) = 5F(2/3)F(5/6)/(3v/') ~ 1.437. The case A < 0 is a little
more complicated. The collapse time cannot exceed Tcrunch = 27r/3HA, corresponding
to r = 0. At small K, the integral in Eq. (B.15) is expanded to give
HATturn(K) -HArcrunch 2 V7 (1 K (B.19)2 5 F (j)
On the other hand, the growth function G- (r) in the neighborhood of Tcrunch behaves
109
2.0
1.9
S1.8
1.7
1.6
0 1 2 3 4
HAT
Figure B-1: The collapse density thresholds Jf (for A > 0) and J- (for A < 0),
as functions of time. The solid curves represent numerical evaluations of 6, while
the dashed curves correspond to the fitting functions in Eq. (B.23). Note that 6
decreases with time, while 6- increases with time.
as
10 r (j)1G-(r ~ crunch) ~ - 1.1(B.20)
3 Fg/F (j) (1 - T/Tcrunch)
After using Eqs. (B.19) and (B.20) in the general formula (B.17), we simply get
6
c-(Tcrunch) = 2 . (B.21)
In the opposite regime HAr < 1, corresponding to large r,, the growth functions
are G'(r) ~ a(r) ~ (3HAr/2)2/ 3 . The integral (B.15) can be analytically solved in
this limit: HArturn() = 7r/(2n 3/2 ). Combining these results leads to
3 37r 2/3J± (0) = 3 r - -) 1.686, (B.22)
which is also the constant value of 6c in a A = 0 universe.
The time dependence of 6c is displayed in Fig. B-1, for both positive and negative
values of A. We also display the following simple fitting functions,
6 (T) = 1.629 + 0.057 e-0.28HA2
6c (T) 1.686 + 0.165 ( 2±+0.149 ) 1
rerunch rcrunch
(B.23)
which are accurate to better than 0.2%. Although we choose to include the effect of
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the time evolution of 6c, our results are not significantly changed by treating 6c as a
constant. This is easy to understand. First of all, + varies by only about 3%. The
evolution of 6c is more significant, about 15%, and most of this happens at very late
times. But our anthropic weight in Eq. (3.3) never samples Jc within a time Ar of
Tcrunch-
Finally, we point out that the appearance of GA(T) in this discussion is not
needed for the calculation, and appears here primarily to make contact with other
work. From Eq. (3.7) one sees that the collapse fraction depends only on the ra-
tio of c(r)/U(MG, T), which from Eqs. (3.8) and (B.17) can be seen to equal (3/5)
Kturn(r/2)/&(MG). Expressed in this way, Eq. (3.7) becomes fairly transparent. Since
t is a measure of the amplitude of an initial perturbation, Eq. (3.7) is saying that the
collapse fraction at time -r depends precisely on the magnitude required for an initial
top-hat perturbation to collapse by time r. In more detail, Eq. (3.7) is predicated on
a Gaussian distribution of initial fluctuations, where the complementary error func-
tion erfc(x) is the integral of a Gaussian. The collapsed fraction at time T is given by
the probability, in this Gaussian approximation, for the initial fluctuations to exceed
the magnitude needed for collapse at time -r. From a practical point of view, the use
of GA(T) in the discussion of the collapse fraction can be a helpful simplification if
one uses the approximation that 6c ~ const. We have not used this approximation,
but as described above, our results would not be much different if we had. We have
maintained the discussion in terms of GA (r) to clarify the relationship between our
work and this approximation.
Appendix C
Boltzmann Brains in
Schwarzschild-de Sitter Space
As explained in Subsection 5.3.1, Eq. (5.86) for the production rate of Boltzmann
brains must be reexamined when the Boltzmann brain radius becomes comparable to
the de Sitter radius. In this case we need to describe the Boltzmann brain nucleation
as a transition from an initial state of empty de Sitter space with horizon radius HK1
to a final state in which the dS space is altered by the presence of an object with
mass M. Assuming that the object can be treated as spherically symmetric, the space
outside the object is described by the Schwarzschild-de Sitter (SdS) metric [140]:'
ds 2  _ ( 2GM -H_ r 2 dt2d r HA
2GM 2, 12 2Q.
+ 1 - 2 - Hr2) dr 2 + r2 dQ2 . (C.1)
The SdS metric has two horizons, determined by the positive zeros of gtt, where the
smaller and larger are called RSch and Rds, respectively. We assume the Boltzmann
brain is stable but not a black hole, so its radius satisfies RSch < R < Rds. The radii
of the two horizons are given by
Rsch = H Cos 3V 3 A \ /(C.2)
Rds = 2 Cos
v/5 HA3
where
cos( = 3v'5GMHA. (C.3)
'We restore G = 1/8wr in this Appendix for clarity.
112
This last equation implies that for a given value of HA, there is an upper limit on
how much mass can be contained within the de Sitter horizon:
M < Mmax = (3v 3GHA) 1 . (C.4)
Eqs. (C.2) and (C.3) can be inverted to express M and HA in terms of the horizon
radii:
2 2S± ~ + RschRdS (C.5)
H2 = Rich + Rd ~c~S 
5
M 2=Ra (1 - HA Rds (C.6)H2A
20 (1 - H RSch) - 7)
We relate the Boltzmann brain nucleation rate to the decrease in total entropy
AS caused by the the nucleation process,
l'BB ~ e (C.8)
where the final entropy is the sum of the entropies of the Boltzmann brain and the
de Sitter horizon. For a Boltzmann brain with entropy SBB, the change in entropy is
given by
AS H= H RS+SBB (C.9)
Note that for small M one can expand AS to find
27rMAS = - SBB + O(GM 2 ), (C.10)
HA
giving a nucleation rate in agreement with Eq. (5.86).
To find a bound on the nucleation rate, we need an upper bound on the entropy
that can be attained for a given size and mass. In flat space the entropy is believed
to be bounded by Bekenstein's formula, Eq. (5.93), a bound which should also be
applicable whenever R < Rds. More general bounds in de Sitter space have been
discussed by Bousso [1031, who considers bounds for systems that are allowed to fill
the de Sitter space out to the horizon R = RdS of an observer located at the origin.
For small mass M, Bousso argues that the tightest known bound on S is the D-bound,
which states that
S5 SD (H - R2s 7 (RS ch + RschRdS) , (C.11)
where the equality of the two expressions follows from Eq. (C.5). This bound can be
obtained from the principle that the total entropy cannot increase when an object
disappears through the de Sitter horizon. For larger values of M, the tightest bound
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(for R = Rds) is the holographic bound, which states that
S S "dS (C.12)
G
Bousso suggests the possibility that these bounds have a common origin, in which
case one would expect that there exists a valid bound that interpolates smoothly
between the two. Specifically, he points out that the function
7r
Sm = -RSchRdS (C. 13)GC
is a candidate for such a function. Fig. (C-1) shows a graph of the holographic bound,
the D-bound, and the m-bound (Eq. (C.13)) as a function of M/Mmax. While there
is no reason to assume that Sm is a rigorous bound, it is known to be valid in the
extreme cases where it reduces to the D- and holographic bounds. In between it
might be valid, but in any case it can be expected to be valid up to a correction
of order one. In fact, Fig. (C-1) and the associated equations show that the worst
possible violation of the m-bound is at the point where the holographic and D-
bounds cross, at M/Mmax = 3V6/8 = 0.9186, where the entropy can be no more
than (1 + V'5)/2 = 1.6180 times as large as Sm.
Here we wish to carry the notion of interpolation one step further, because we
would like to discuss in the same formalism systems for which R < Rds, where the
Bekenstein bound should apply. Hence we will explore the consequences of the bound
S < S = -RschR , (C.14)G
which we will call the interpolating bound. This bound agrees exactly with the m-
bound when the object is allowed to fill de Sitter space, with R = Rds. Again we have
no grounds to assume that the bound is rigorously true, but we do know that it is true
in the three limiting cases where it reduces to the Bekenstein bound, the D-bound,
and the holographic bound. The limiting cases are generally the most interesting
for us in any case, since we wish to explore the limiting cases for Boltzmann brain
nucleation. For parameters in between the limiting cases, it again seems reasonable
to assume that the bound is at least a valid estimate, presumably accurate up to a
factor of order one. We know of no rigorous entropy bounds for de Sitter space with
R comparable to Rds but not equal to it, so we don't see any way at this time to do
better than the interpolating bound.
Proceeding with the I-bound of Eq. (C.14), we can use Eq. (5.92) to rewrite
Eq. (C.9) as
AS - (H 2 - Rd) - SBB,max + IBB, (C.15)
which can be combined with SBB,max SI to give
AS > { (Hk - RdS- Rsch R) + IBB, (C-16)
-G
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Figure C-1: Graph shows the holographic bound, the D-bound, and the m-bound for
the entropy of an object that fills de Sitter space out to the horizon. The holographic
and D- bounds are each shown as broken lines in the region where they are superseded
by the other. Although the m-bound looks very much like a straight line, it is not.
which can then be simplified using Eq. (C.5) to give
AS > " Rsch (RSch + RdS - R) + IBB (C.17)
G
To continue, we have to decide what possibilities to consider for the radius R of the
Boltzmann brain, which is related to the question of Boltzmann brain stabilization
discussed after Eq. (5.97). If we assume that stabilization is not a problem, because
it can be achieved by a domain wall or by some other particle physics mechanism,
then AS is minimized by taking R at its maximum value, R = Rds, so
AS> + R BB2 (C-18)
-S G RSch + IBB--
AS is then minimized by taking the minimum possible value of RSch, which is the
value that is just large enough to allow the required entropy, SBB,max IBB. Using
again the I-bound, one finds that saturation of the bound occurs at
&st = 3 sin- (C. 19)
where
~IB GH2
- BB A IBB (C.20)
'SdS iF
is the ratio of the Boltzmann brain information to the entropy of the unperturbed de
Sitter space. Note that I varies from zero to a maximum value of 1/3, which occurs
in the limiting case for which Rsch = Rds. The saturating value of the mass and the
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corresponding values of the Schwarzschild radius and de Sitter radius are given by
Msat = , (C.21)2GHA
1+i - /1-3/
RSch,sat 2HA (C.22)
2HA
RdS,sat = -31+ 1+1 (C.23)
2HA
Combining these results with Eq. (C.18), one has for this case (R = Rds) the bound
AS 1 +I- 11+ 1 \/1 - 31A 1(C.24)
IBB 21
As can be seen in Figure C-2, the bound on AS/IBB for this case varies from 1, in the
limit of vanishing i (or equivalently, the limit HA --+ 0), to 2, in the limit Rsch -+ RdS -
The limiting case of B -> 0, with a nucleation rate of order e-IBB, has some
peculiar features that are worth mentioning. The nucleation rate describes the nucle-
ation of a Boltzmann brain with some particular memory state, so there would be an
extra factor of e'BB in the sum over all memory states. Thus, a single-state nucleation
rate of e-IBB indicates that the total nucleation rate, including all memory states, is
not suppressed at all. It may seem strange that the nucleation rate could be unsup-
pressed, but one must keep in mind that the system will function as a Boltzmann
brain only for very special values of the memory state. In the limiting case discussed
here, the "Boltzmann brain" takes the form of a minor perturbation of the degrees
of freedom associated with the de Sitter entropy Sds = 7/(GHA).
As a second possibility for the radius R, we can consider the case of strong gravi-
tational binding, R -> Rsch, as discussed following Eq. (5.97). For this case the bound
(C.17) becomes
AS > 7-RschRdS + 'BB. (C.25)
G
(Interestingly, if we take I = 0 (SBB = Smax) this formula agrees with the result
found in Ref. [141] for black hole nucleation in de Sitter space.) With R = Rsch the
saturation of the I-bound occurs at
sat = - - 3 sin ( . (C.26)
The saturating value of the mass and the corresponding values of the Schwarzschild
radius and de Sitter radius are given by
Msat - , (C.27)2GHA
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Figure C-2: Graph shows the ratio of AS to IBB, where the nucleation rate for
Boltzmann brains is proportional to e-'s. All curves are based on the I-bound, as
discussed in the text, but they differ by their assumptions about the size R of the
Boltzmann brain.
RSch,sat (C.28)
HA
RdS,sat 4-3i-lI (C.29)
2HA
Using these relations to evaluate AS from Eq. (C.25), one finds
AS _/4 - 31 + 1
'BB 2111(C.30)IBB 2 0
which is also plotted in Figure C-2. In this case (R = Rsch) the smallest ratio AS/IBB
is 2, occurring at I = 1/3, where Rsch = RdS. For smaller values of I the ratio becomes
larger, blowing up as I/O for small I. Thus, the nucleation rates for this choice
of R will be considerably smaller than those for Boltzmann brains with R ~ RdS,
but this case would still be relevant in cases where Boltzmann brains with R ~ RdS
cannot be stabilized.
Another interesting case, which we will consider, is to allow the Boltzmann brain
to extend to R = Requi, the point of equilibrium between the gravitational attraction
of the Boltzmann brain and the outward gravitational pull of the de Sitter expansion.
This equilibrium occurs at the stationary point of gtt, which gives
Requ= 1/3 (C.31)
HB
Boltzmann brains within this radius bound would not be pulled by the de Sitter ex-
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pansion, so relatively small mechanical forces will be sufficient to hold them together.
Again AS will be minimized when the I-bound is saturated, which in this case
occurs when
7 _ 1 - 2A(1)
(sat -3 sin 1  , (C.32)22
where
sin sin-i (I - 27 13)j
A(I) = sin 3 .(C.33)
The saturating value of the mass and the Schwarzschild and de Sitter radii are given
by
Msat - /5[1 + A(I)]1 - 2A(I) (C.34)
Rschsat = 1-2A(I) (C.35)
V/5 HA
RdSsat / 3 (3+2A(I)) - 1 -2A(I)
6HA (C.36)
The equilibrium radius itself is given by
[-2A(I)] [i + A(I)]
Requii,sat = . (C.37)
v/53HA
Using these results with Eq. (C.17), AS is found to be bounded by
AS 3 (1 - 2A(I)) (3+2A(1)) - 2A(I)+1
-
6 , (C.38)IBB 6i
which is also plotted in Figure C-2. As one might expect it is intermediate between
the two other cases. Like the R = Rsch case, however, the ratio AS/IBB blows up for
small I, in this case behaving as (2/I)1/4.
In summary, we have found that our study of tunneling in Schwarzschild-de Sit-
ter space confirms the qualitative conclusions that were described in Subsection 5.3.1.
In particular, we have found that if the entropy bound can be saturated, then the
nucleation rate of a Boltzmann brain requiring information content IBB is given ap-
proximately by e-aIBB, where a is of order a few, as in Eq. (5.97). The coefficient a
is always greater than 2 for Boltzmann brains that are small enough to be gravita-
tionally bound. This conclusion applies whether one insists that they be near-black
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holes, or whether one merely requires that they be small enough so that their self-
gravity overcomes the de Sitter expansion. If, however, one considers Boltzmann
brains whose radius is allowed to extend to the de Sitter horizon, then Figure C-2
shows that a can come arbitrarily close to 1. However, one must remember that the
R - Rds curve on Figure C-2 can be reached only if several barriers can be overcome.
First, these objects are large and diffuse, becoming more and more diffuse as I ap-
proaches zero and a approaches 1. There is no known way to saturate the entropy
bound for such diffuse systems, and Eq. (5.103) shows that an ideal gas model leads
to a ~ 11 > 1. Furthermore, Boltzmann brains of this size can function only if some
particle physics mechanism is available to stabilize them against the de Sitter expan-
sion. A domain wall provides a simple example of such a mechanism, but Eq. (5.100)
indicates that the domain wall solution is an option only if a domain wall exists with
tension o- IBBHA. Thus, it is not clear how close a can come to its limiting value of
1. Finally, we should keep in mind that it is not clear if any of the examples discussed
in this appendix can actually be attained, since black holes might be the only objects
that saturate the entropy bound for S > 1.
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